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The problem of predicting the level of sound traited through a gap in a pressure release bamier i
considered. The Kirchhoff-Helmholtz equation is dige derive a boundary integral expression for the
unknown scattered field, whose derivative satisfidsoundary condition on the gap. The resultingudisr
integral equation is solved for the scattered fagtbss the gap. Once the gap pressure is knowscttitered
field at any location can be calculated. Its négldfand far-field behaviour is considered withpest to
directivity and frequency dependence.

1. Introduction

Reflecting sound barriers are commonly used togediie noise radiated into an acoustic medium by a
vibrating structureThe barrier may be acoustically hard or soft, theiece mainly depending upon the
properties of the acoustic mediuRor example in-air, acoustically hard or “rigid"rbars can be very
effective at reflecting unwanted sound, whilst thgh acoustic impedance of water makes it difficult
to achieve a rigid barriedence it is more common to use acoustically softpsessure release”
barriers in underwater acoustitsis seldom possible to maintain a continuous atiolarrier and the
guestion arises as to the impact of gaps upon #nmgebs effectivenessHere we consider a two
dimensional problem in which an infinite planar fieer is insonified by an acoustic plane wave upon
one sideA small gap in the barrier allows sound to passugh and we wish to determine the far-field
source strength of the gap and how this scalesfrétiuency and gap width. In particular, we conside
a pressure-release barrier as this gives risesiogular boundary integral equation for the scatter
field that is hard to solve by the usual discréitisamethods. Rather, it is solved using the methbd
Achenbach [1] in which an exact Green’s functiontfe problem is written as a Fourier integral, and
the unknown gap pressure is expressed as the suan offinite series of Chebyshev polynomials
whose coefficients are determined by applying anbdauwy condition. This gives rise to an infinite set
of simultaneous equations in these unknown coefiisi. In practice, the Chebyshev polynomial series
can be truncated after a suitable number of tehasdepends upon the ratio of the gap length to the
acoustic wavelength. The resulting finite set afiidianeous equations is easily solved numerically,
allowing the gap-pressure and far-field source lléoebe determined. At low and high frequencies,
approximate analytic solutions exist, and these wwed to validate the exact Chebyshev series
representation. These approximate solutions shaitthleading order, the pressure radiated through
the gap at low frequencies scales as the rati@pflgngth to acoustic wavelength raised to the powe
of 3/2, whilst at high frequencies the power lawlsg) is 1/2. Numerical results are presented fithb
gap pressure and far-field source levels. Finallgsension to multiple gaps is illustrated by vediya
specific example.

2. The Boundary Parameter Problem
The problem under consideration is
illustrated in figure 1. An infinite
pressure-release barrier, located at
y =0, contains a small gap of width
2a centred at the origin. A plane
harmonic wave of angular frequency
«, and acoustic wavenumbek,, is
incident upon the barrier from the half-
spaceQ, in y<0. The incident wave
is denoted,

He—iwt - Poei {ko (xsinB+ycosB)-wt} ) v

It gives rise to both specular and diffuse Figure 1: The pressurefields
reflections in Q,, denotedPe ™ and

Q,

v
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PWe “ respectively, and to a diffuse transmitted fieldthe half-spaceQ, in y>0, denoted

P@e ™ The total pressur®e is denotedRe™ in Q,, and Pe ™ in Q,, where

R=R+R+RY,

P, =P?.
P =-Reoxsn®-yeos) ig the complex amplitude of the reflected fieldrfr a continuous pressure
release surface located ig=0, thus R+PR =0 on y=0. All fields share a common time

dependence 0&™**, which is omitted from now on for brevity of notati. PY and P2 are referred

to collectively as the scattered field. The totedgsure vanishes on the surface of the barrier,jsand
continuous across the gap, as is its normal déravadP/dy. This leads to the following boundary

parameter problem for the scattered field:
PO=pP =0 [{>ay=0,

1)
PO=P® =f(x, [{<ay=0,
P2 opY
———P+P =2h(x <ay=0 2
oy oy ( ) =2h(x), [{<ay (2)
ikyxsin®

where f (x) denotes the unknown gap pressure of the scatffietddind h(x) =Pk, cost e

3. The Boundary Integral Formulation

The Kirchhoff-Helmholtz equation, which is easilgridved from Green’s second identity [2], equates
the harmonic pressurB, within some source-free volumé, to a boundary integral on the enclosing

surfacedV, viz
P00) = [P 22 ) - G020 5 0],
ov

where dP/an=[0P[h is the spatial derivative oP in the direction of the outward pointing unit
normal n to the surface elemenS and G is a Green’s function that satisfies the inhomegers
Helmholtz equation for a point sourcext= (X, y') , viz

02 +12)6(x %) =8(x- ). 3)

Applying the Kirchhoff-Helmholtz equation to theastered field of the two-dimensional half-space
Q, infigure 1 gives

< (1)
PO (x,) = j {P(l) (x, 0) (x0 x) -G X0, xl) (xO)}dx
+ | {P(l’@) (x%) ~G(xx)° }ds %00,

S,
where dS, is an infinite arc, connecting = +0 and o
x=-0 in Q; (see figure 2). . //’/ \a\sj\
However PY and G are required to satisfy the ‘/\/’/ AR
Somerfeld-Watson radiation condition, which ensures // Q, \\
that the integrand vanishes alod§, . G can be any  / \
solution of the inhomogeneous Helmholtz equation,/ \\
we choose a Dirichlet form, denote(y, that foooSoon s, x___/————é———-'
vanishes ony=0. When this form is used in ® y °

conjunction with the boundary conditions (1) for

. Figure 2. Theintegration contour
PY | the equation above reduces to d €
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PO (x,) = J' f(x)ag‘_yD(x,o;gl)dx, % 0Q,. (4)

Similarly, in Q,

%?ua&wx X, 00, 5)

P2(x) == [ (%)

where the negative sign comes from the outward abiyeing in the y direction for Q,. Finally,

taking the derivatives of (4) and (5) with respezttheir y-coordinates, and applying the boundary
condition (2) for the derivative of the scatteredgsure gives

J' f(x)(;;—c;; ®0x 0dx=-h(x), |X|<a. (6)

-a

4. Achenbach’s Method
Solving (6) for f (x), allows the scattered field to be determined viaagigns (4) and (5). But owing

to the nature of the Green'’s function, (6) is aalar integral equation. It is solved here usingethod
described by Achenbach [1], in which the Green’acfion is represented by a Fourier integral
transform, andf (x) is expanded as an infinite series of Chebysheynpahials, viz

f(x) = 2§ A M ()
i=1

where
cos(jsin*&), jodd
c.(6)= (sin¢), ]
isin(jsin€), jeven.
To obtain the Green'’s function we use the methadafes in the boundary =0 and write
Gp (% X) = G (%X, ¥) ~ G (X X,-Y),

where G¢ is a free-field Green’s function for an unbound®édium. For our two dimensional

problem GF@,X)=;‘;H(§1)(kOR), where H{ is a Hankel function of the first kind, and

R= \/(x—x’)2 +(y-VY)? . Its Fourier integral representation is best dstivdirectly from the
inhomogeneous Helmholtz equation (3), by takingRbarier transform in(x, y) to obtain the spectral
Green’s function in(k,,k,) , and then taking the inverse Fourier transfornkjnwhilst requiring the
solution to contain only outwardly propagating/dgng waves, whence

e My-y| _ My+y]
Gp=— I Chi {L}dk, 8)
4m y

—00

where y=wlk§ -k? is defined to be positive when real and the irgtign path ink is taken above
the branch point atk, and below the branch point &k, . Thus we find

0°G,
ay'oy

We now substitute (7) and (9) into (6) and makeaifgée identity [1]

x,0.X,0)=— J' y g 9)
21'[_oo

J' cm(x/a)e‘““dxzn—llnam(ka) (10)

-a
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to carry out the integral ix. Both sides of the resulting equation are then ipligtl by C (X /a),

where * denotes complex conjugation, and integrateer X' between the limits ofta to finally
obtain

ZQW!' Aj =b,, m=12,...,0, (11)
=1
where
T 202 _n¥% ) .
o, = !t (t2-1%J, €0, €t )Xt, m+] even, 12
0, m+j odd,
—iPgdy A
bo=| 2 070 (13)

-iR cote.]m(ssine) , 020,
and € =kya. In practice (11) can be truncated, with good cogeece, for maximum values gf and
m of ordere. The coefficientsA; then give the gap pressure directly via (7). Tawbthe scattered
field at other locations we return to (4) and {Bgking use of (7) and (8). However, we note fromn (8

thataa& x,0;X,~y) = _625_9 x,0,;X,Y), ¥y >0, and hence
y y

9Gyp (x,0,X,y)dx, y=0. (14)
oy

PO ~y) =P (X.y) == [ 1%

In the next section we present results for the gragssure, and the far-field source level that can b
derived from (14), (7), (8) and (10) using the nogtlof steepest descent. The derivation is omitexd h
but the far-field source level at an angjleto the normal is found to be

Sy = lim (\/E“DS(R#/)U:\/ZIE cosy |g(esing)|, (15)
with
9(®) =D A7),
j=1

where the source level is defined to be the madaitof the scattered pressure in the lifRit- oo,
scaled back to a distance Bf= a, using the cylindrical spreading law applicabl® problems.

5. Results

It is clear from the analysis above that the depand of the scattered fields upon frequency isuiino
the non-dimensional parameter kya, and the spatial dependence of the gap presstineoisgh the

non-dimensional coordinaté = x/a, in which the gap extends over the regi|rihs 1. Results are
presented below, in terms of these dimensionlespeters, for a unit incident field ¢}, =1.

5.1 Validation
Figure 3 compares the gap pressure and far-fialccedevel obtained using the Achenbach method, at

a very low frequency ot ~004 and an angle of incidence &', with the leading order term of an

approximate analytic solution that is valid fox<1. The derivation of that solution is not given here
but it is obtained from a perturbation expansiorg,inwhich leads to a boundary parameter problem for
each order that can be solved using conformal mapigichniquesThe leading order gap pressure is

found to beF,,, = -iecosd 1-&2, and the leading order far-field source level is

Sy =£¥2,/1Y8 cosBcosy. (16)
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Gap Pressure for Unit Incident Field at € = 0.042 & 45° Angle of Incidence
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Far Field Scattered Pressure for Unit Incident Field at £ = 0.042 & 45° Angle of Incidence
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Figure 3. Comparison of the Achenbach solution with a low frequency
analytic approximation. Gap pressure (left); far-field sourcelevel (right)

Gap Pressure for Unit Incident Field at ¢ = 25 & 45° Angle of Incidence

At high frequencies an approximate analytic  *
solution may be obtained using the Wiener- 14
Hopf method [3, 4]. Figure 4 compares the gap  ,,|
pressure obtained from the Achenbach g
method, with the analytic solution given in % il
85.6 of [3], for e~25 and an angle of o
incidence of 45°. & 06
0.4
The agreement between the Achenbach series ————————
solution and the approximate analytic methods Modifed Wiener-Hopf

is exceedingly good at both large and snsall
as shown by figures 3 and 4, giving confidence
in the results obtained using the former.
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Figure 4. Comparison of the Achenbach solution

with a high frequency analytic approximation.

5.2. Directivity

Figure 5 shows the far-field source-level as a fiamcof angle, measured from the normal, for two
angles of incidence: 0° and 45°he left hand plot is at low frequency,~04, and apart from overall

normalisation, the two curves are very similarliage as expected from the low frequency asymptotic
analysis described above; the low frequency diveeli dependence ofosy is essentially that of a

point source in a pressure release bafflee magnitude of the response varies with the éraid angle

as cosB, because the scattered field is proportional @rtbrmal derivative of® +F,,

through (6).

The right hand plot is at higher frequeney; 25, and shows quite different behaviolihe gap is now
several wavelengths wide, and this imparts a doeat characteristic to the scattered field witthain
lobe and multiple side-lobe#s € increases, the direction of the transmitted fleddomes more and
more confined to the angle of incidence, whilst thifuse reflected field becomes confined to the
direction of specular reflectiohe width of the main lobe reduces @adncreasesThe magnitude of
the response again varies with the incidence aamt®.
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Figure 5. Low frequency directivity (left); high frequency directivity (right)
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5.3. Frequency Dependence
The red and blue curves in Figure 6 denote fadfiel
source level spectra for the field transmitted tgto a .
single gap in the same direction as the angleaifiémce.
Angles of incidence of 0° and 45° are shown foroa-n
dimensional frequency rang®042<e<42. Each curve

exhibits anO(e%?) dependence far<1 and anO(e¥?)

dependence far=4. This is consistent with (16) at low
frequencies, and with the behaviour of the leadirder
term of the Wiener-Hopf solution [3] at high frequées.

The change in the gradient of the curves, freft to -

Soft Barrier: Far-Field Transmitted Pressure

—— 0°incident: 1 gap
—— 45°incident: 1 gap
—— 0°incident: 3 gaps
—— 45°incident: 3 gaps

Pressure Magnitude (Pa re 1Pa at R=a)

. . .
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e¥2, occurs approximately at a frequency when half a mFiguren;S Far-field sound level spectra

wavelength fits across the gap. Furthermore, thard
shows that at low frequencies, the far-field solexel for a 45° angle of incidence is a factor & 0
times that at 0°, which is consistent with (16)tlgh the termcosBcosy . At high frequencies the

difference is less, about 0.7, which is consisteith the results found in the previous section. The
larger reduction in level at low frequencies is dhe field being greatest in a direction normathe
gap, irrespective of the angle of incidence, giviisg to an additional dependency ocosy if the field

is calculated away from the normal. These direetignoperties were illustrated in figure 5.

5.4. Multiple Gaps
Figure 6 also shows the corresponding far-fieldra@uevel spectra (denoted by the green and purple
curves) transmitted throughl =3 identical gaps. The dimensional lenda is now defined to be the

distance that just encompasses all three gaps. §agtis of lengthl =2ad, <M ™. In figure 6,

0=1/5 and the gaps are equally spaced, thus the gapasepas alsol. In comparison with a single
gap of length2a, their effect is to reduce far-field sound levielsa factor of ~0.12 at low frequencies

and ~0.62 at high frequencies. The former is alre@sattly the same as the value b? = 012 that
can be derived from the low frequency approximatiren by (16), forM locally non-interacting
gaps whose far-field pressures are coherent.

6. Concluding Remarks

Using the method of Achenbach, an exact solutienideeen derived for the field scattered by a gap in
pressure release barriém.this solution the gap pressure is expanded asfimite series of Chebyshev
polynomials, which in practice can be truncatedoader € =k,a. Given the coefficients of the

Chebyshev polynomials, the gap pressure is obtadiredtly by summing the Chebyshev polynomial
series.The pressure at any other location is expressea lasundary integral, over the gap, of the
product of the gap pressure and the derivative Gfeen’s function. This boundary integral may be
converted, via Fourier decomposition of the Greef'sction, to a sum of wavenumber integrals
involving Bessel functions that can be evaluatethenically. A particularly simple form is found for
the far-field limit, which just involves a sum ovBessel functions. The methodology, which has been
validated against approximate analytic solutioaseadily adapted to more complex geometries; as an
example, multiple gaps in a pressure release bandge been modelledn future we will apply
Achenbach’s method to the more realistic geometfiesid in industrial applications for which
analytic solutions are extremely difficult, if nohpossible, to obtain.
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