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Domineering: Comments on a Game of No Chance

John Dore* and Chris Woodcock* — lllustrations by Jason Davies

and discussed in an article [1] by Martin Gardner; the

game is now more usually referred to as domineering and
has attracted the attention of a number of mathematicians since its
original presentation in 1974. An analysis of the various configu-
rations is given in the book Winning Ways for Your Mathematical
Plays [2] and the result obtained for best play on boards of dif-
ferent dimensions has been given in an article [3]. However, the
mathematical formalism is probably rather difficult for individu-
als who are not familiar with the notation used in game theory.
Consequently, we adopt, here, a simpler approach, which should
enable readers to play interesting games and possibly to explore
some of the mathematical ideas behind the sequential placements
of the pieces without becoming too enmeshed in the mathemati-
cal formalities. We have used the game successfully in a number
of maths masterclass sessions and found that the competitive in-
teractions and strategic aspects are very positive for pupil groups
of all ages above ten.

T he game of crosscram was created by Goran Andersson

1 The rules of the game

The board consists of a rectangular arrangement of squares (as
for chess) but may have any dimension of n x m squares. There
are two players who take alternate turns in placing a domino, oc-
cupying two squares, onto the board. One player (Player A) is re-
stricted to placing her pieces in a vertical orientation and the other
player (Player B) is restricted to placing his pieces in a horizontal
orientation. Player A starts the game and each player continues
alternately until there is no longer a suitable space for one of the
players to place one of their dominoes onto the board. The player
who has made the last legal move wins the game; there cannot be
a draw.

A typical game on a 5 X 5 or 6 x 6 square board lasts less
than ten minutes but involves a depth of play that can be engag-
ing, particularly for people who have not played the game before.
However, with best play, the result of the game is already defined
by the starting conditions although it is by no means obvious how
the sequence of play should evolve, so there are distinct chances
for one of the players to reverse the expected outcome. As aresult,
the game involves an element of strategic planning and analysis
that is both interesting and entertaining but can also be played in
a very short time interval.

In this article, we introduce you to some of the fascinating as-
pects of domineering/crosscram and hope that you will explore
some of the possibilities for yourself. The following sections
outline the simple rules and contain some illustrative games and
problems.

2 Preliminary considerations

The board size is defined as [n,m] where n is in the horizon-
tal direction, equivalent to the x-axis. If n and m are equal and
both less than 5, the result of the game is fairly obvious. Player A
plays first in all cases and places the dominoes in a vertical posi-
tion unless there is a special handicap game. It is also convenient
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to introduce a notation for the squares on the board and this is
shown below, using an obvious scheme that can be generalised
for any-sized board; it is based on the notation used for a chess
board.
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Notation for a square board of dimension n. x m

The sequence of moves can be easily recorded by writing the
symbols for the two squares that have been occupied and exam-
ples are given in the next paragraph for some illustrative games
on4 x 4 and 5 x 5 boards.

3 Illlustrative games on the 4 x 4 board

The 4 x 4 board provides a convenient introduction to the game
and the way of recording the moves, although the actual sequence
of play is not particularly optimal in these examples.

Game 1 -b23, 4c¢d; d23, lab; a34, 1cd; ¢23 and A wins.
Game 2 - c23, 3ab; bl12, lcd; d23, 4cd; al2, 4ab and B

wins.
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Final positions for Games 1 (left) and 2 (right)

4 The 5 x 5 board

The square board of [5, 5] is the first one to offer an interesting
sequence of play with sufficient variability to require strategic
considerations. It is probably best to play a few trial games be-
fore reading the rest of this section but we give three illustrative
games to indicate the sequence of play.

Game 3 — a34, 4bc; c23, 2de; d45, 2ab; ed45, 1de and B
wins. Player A has played poorly and Player B has won
with three further paired spaces available for him to use!
Game 4 -b23, 4cd; d23, 4ab; c12, 1de; al2, 5ab; e45, 5cd;
e23 and A wins.

Game 5 — ¢34, 2ab; d12, 4de; b45, 1bc; €23, 3ab; a45, 5cd
and B wins.
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Final positions for Games 3 (left), 4 (right) and 5 (centre)

These games are obviously not based on the best play, so the
general question is simply stated:

Problem 1: Who wins with best play on the 5 x 5
board?

There are only a few distinguishable opening moves due to
symmetry principles but the game tree grows quite rapidly and
various strategies can be used to try and create spaces that are not
accessible to the other player. However, it is the final number of
dominoes, odd or even, placed on the board that will eventually
decide whether Player A or Player B wins the game.

When we have introduced this game in primary maths mas-
terclasses with a group of ‘gifted and talented’ pupils who have
not played the game before, the results have been approximately
equal for wins by Player A or Player B. However, with best play
either Player A or Player B must always win as it is a game of
no chance, similar to various nim-type games; there cannot be a
draw, as occurs in the case of best play for noughts and crosses.

5 The 6 x 6 board: even more variations

We now consider a 6 x 6 board. There are clearly many more pos-
sibilities for sequential play than for the 5 x 5 board and we leave
you to explore these possibilities for yourself. You may also like
to solve some of the positions in Problem 2 (Games 6—8) before
tackling the more general question of Problem 3.

Problem 2: Who should win in each of the following

positions?

Game 6 — A: c34, d12, d56, e45 and B: 2ab, 5ab, 3ef with
B to play.

Game 7 - A: a45, bl2, d34, €23, 56 and B: 3ab, 4bc, 5cd,
lef with B to play.

Game 8 — A: b34, d12, d45, €56 and B: 5ab, 2bc, 6¢d, 3ef
with A to play.

Note: from here onwards board references do not refer to se-
quence of play.
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Partial Games 6 (left), 7 (right) and 8 (centre)

They require some careful thought about the sequence of play,
don’t they? Can you develop a convenient way of analysing the
position and deciding on the best play? The solutions are avail-
able at on the Mathematics Today webpage [4].

The general question is, of course:

Problem 3: Who wins the game on the 6 x 6 boards
with best play? Can you explain in simple terms how
this conclusion is obtained? Games 9—13 provide un-
finished games to help you think about this.

6 Larger boards

The best size for competitive play by inexperienced players is the
6 x 6 board, which was discussed in the previous paragraph and
takes about ten minutes to complete. For more serious encoun-
ters, the board size can be increased to 8 x 8 but the game ob-
viously takes longer. It will become apparent that certain con-
figurations of available spaces can confer advantages for one or
other player and there is a need to keep a close eye on the de-
veloping shapes where both players must decide where to protect
and where to prevent — it is the judgement of this balance that
provides the interest in the sequence of individual plays.

You will not be surprised to learn that there is a systematic
way of assessing any position in terms of the shapes of the un-
filled squares but a discussion of that procedure is beyond the
level of this introductory article.

7 General aspects and interaction strategy

Although the best way to learn the tactical and strategic aspects of
the game is to play competitively with someone else, it is not al-
ways possible to do this. We have therefore offered a series of set
positions (Games 9 and 10) regarding the sequence of play in the
hope that you will be able to absorb some of the analytic thinking
in choosing the best moves. There are no solutions given here but
some hints can be found on the Mathematics Today webpage [4].
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Game 9 - A: a45, b23, ¢56, d34 and B: 1ab, 2cd, 5de, 3ef
with A to play.

Game 10 - A: b34, ¢56, d12, {34 and B: 2bc, 4de, 6de with
B to play.
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Partial Games 9 (left) and 10 (right)

8 ‘Advanced’ questions for the reader (no
solutions given!)

Following on from the last section, it seems appropriate to set
a more advanced game using a set position on a 6 x 6 board.
We provide no hints and leave you to decide the best way to play
Game 11. You can either play with a friend or try to make a com-
plete analysis of the game tree in order to decide who wins with
the best possible play.

Game 11 - A: b23, ¢56, €23 and B: 2cd, 4de, Sef with A
to play.

Game 11

Another question involves the start of the game where there
are many choices of play. Games 12 and 13 show two positions
at an early stage in the game with only four dominoes played and
the remaining area is fully or even multiply-connected. How do
these initial positions affect the subsequent play and who holds
the advantage?
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Games 12 (left) and 13 (right)
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Game 12 - A: b23, e45 and B: 5bc, 2de with A to play.
Game 13 — A: b23, d45 and B: 5bc, 3cd with A to play.

A complete answer to these questions requires a full analy-
sis of all possible games but there are some strategic aspects that
arise even at this early stage. Can you decide who holds the ad-
vantage and should win? We provide no answers but if you are
stuck or wish to compare your analysis with our tentative com-
ments, go to the Mathematics Today webpage [4].

9 Summary and possible variants

The foregoing sections have introduced you to a number of fea-
tures arising in the game of domineering. These notes should
enable you to appreciate the ‘analytic’ elements of the play and
possibly to use them in a teaching context or simply to enjoy them
as arecreational activity. If you think that a longer game is prefer-
able, then play with an 8 x 8 board and learn to recognise the
effective ‘values’ to be associated with different isolated shapes
as they are created during the play. In some respects, this in-
volves concepts that arise in various nim-type games but because
it concerns a two-dimensional arrangement there is an increased
number of combinations that are ‘shape-dependent’. However, a
higher-level analysis is possible, so that domineering can be ap-
propriately classified as a game of no chance, such that the result
of any position with best play on both sides is already defined.

This article describes the basic game of domineering but it
is possible to experiment with alternative rules using the same
principles. For games between players of different expertise it is
possible to play with a rectangular board (say 8 x 6), where the
more knowledgeable player is Player A and places her pieces in
a vertical orientation; other forms of handicap game with n # m
are possible.

An additional game that can be tried is the ‘misere’ version,
where the object is to make the opponent place the last piece
on the board. Another unexplored series of variants involves the
use of coloured dominoes with rules about placement of adjacent
pieces of similar or different colours — there is plenty of scope to
experiment with these possibilities.

Domineering may be a less-well-known board game than
many others but we hope that this article will lead to a wider
interest in its appeal and use in the context of recreational
mathematics.

10 Play domineering

There is a 6 x 6 domineering board in this issue of Mathematics
Today for you to start playing immediately.

A convenient way to play the game on boards of different di-
mensions is to visit the website of Jason Davies [5] where there is
a general program with an excellent board display and shortcuts
to the 13 games mentioned in this article.
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