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Abstract
We outline the main features of a new taxonomy for classifying mathematics questions. Our taxonomy is unusual in that it classifies all questions on a continuum rather than under a small finite set of criteria; the continuum draws on the relative proportion of algorithmic and creative cognitive demands placed on a typical student tackling a question. What is more, our classification is flexible in that it takes into account the educational background of a question’s target audience. We discuss how our taxonomy has been developed to underpin the construction of a new admissions assessment for students aspiring to study demanding mathematics degrees in the UK. We explain how we have successfully used our taxonomy in test design: it has helped writers to construct better and more focused questions, and has allowed us to construct tests which have demonstrated a very strong predictive validity in initial trials.

1. Background

The pre-university, post-16 education landscape in the UK is currently in the midst of change. The modular A level system is in the process of being replaced by a linear A level system. The modular system allowed students to take some of their A level assessments (the AS examinations) during the first year of their two-year course. When students applied to university, during the second year of their A levels, the results of their AS examinations were available to universities; these results formed an important part of the portfolio of information available and were relied on by universities as they strove to ensure their admissions decisions were fair and transparent. Whilst AS examinations continue to be available under the new linear A level system, they are now standalone examinations, not contributing to the final A level grade, and so it is likely that they will be taken by many fewer students than previously in the years ahead. Universities, in consequence, will have considerably less quantitative data on which to make critical admission decisions.
How will universities respond to this changing landscape, especially when they are under increasing pressure to ensure fairness and transparency, and to widen participation on their courses? An increasing number of top-tier universities are now starting to explore and use admissions tests for a wide variety of subjects. Oxford already has a well-established set of tests, including the Mathematics Admissions Test (MAT), and Cambridge has recently introduced admissions assessments in subjects other than mathematics. (Cambridge has used the STEP Mathematics examinations for mathematics applicants for many years, and continues to do so.) In addition, an increasing number of universities have started to use our Test of Mathematics for University Admission (TMUA). But why have we introduced the TMUA into what appears to be an already crowded landscape of mathematics admissions tests? In simple terms, the answer is that there is a gap in mathematics assessment that needs to be filled in order to help many universities make informed admissions decisions. The TMUA, as we shall explain, is designed to fill this gap.
Darlington (2013) explored the transition from school to university mathematics from a variety of perspectives. As part of this work, she investigated the difference in mathematics assessment at A level and at undergraduate level. Her findings suggest that many A level questions rely on routine algorithmic methods: by routine we mean that students will have practised the methods extensively during their course, and by algorithmic we mean that the application of these methods requires little, if any, creative thought. An example of such a question would be to differentiate or integrate a given polynomial expression. Undergraduate questions, in contrast, place a greater emphasis on students’ abilities to think creatively: to reason and construct solutions to novel – at least to the student – problems drawing on routine skills, and to evaluate and construct proofs of results not previously encountered.
The mismatch between A level mathematics and university mathematics assessments identified by Darlington suggest there is, and perhaps always has been, a place for mathematics admissions assessments in mathematics. The field is already crowded, so what does the TMUA offer that others do not? From an assessment perspective the answer is twofold:[endnoteRef:1] first, it offers a test that assesses potential-to-thrive on a demanding mathematics course, and second, it assesses this potential in a broader cohort than either MAT or STEP. The first point, that the TMUA assesses potential, is largely what our taxonomy and the rest of the paper is concerned with, but before we turn to this, we shall say a little more on the second point.  [1:  There are, in addition, some practical benefits of the TMUA: its timing, the accessibility of its specification, the rapidity with which results are available to universities, and so forth. These, whilst part of the overall rationale for our introduction of the test, are not our central concern in this paper.] 

Both MAT and STEP are extremely effective tests of ‘potential-to-thrive’ on very demanding mathematics courses. However, these tests are primarily designed to assess the potential-to-thrive of students aspiring to study at a very small group of elite universities offering some of the most demanding courses in the world. As a result, both are constructed to differentiate within a narrow ability cohort and provide little useful information about students outside this cohort. Many students embarking on mathematics degrees at good universities would be unlikely to achieve even a grade 3 on STEP paper I, for example. The TMUA, in contrast, targets a broader cohort and thus gives universities, including those that use STEP or MAT, additional useful information as to applicant’s potential: preliminary predictive validity studies on the TMUA have demonstrated that it is very effective as a predictor of this potential (as discussed in section 4).
What then are our aspirations for the TMUA? Not only do we intend it to furnish universities, and students, with a reliable and valid measure of their potential-to-thrive on demanding mathematics degrees, we also hope that it will encourage creative approaches to mathematics teaching in the classroom, by providing a growing resource of interesting and challenging questions, and because assessment often tends to drive, in part at least, what happens in the classroom.
In the next section, we describe the development of a taxonomy which we are now using for writing the TMUA, and in section 3, we give some examples of questions and how they would be classified by our taxonomy. Finally, in section 4, we briefly discuss how trials of the test have performed, and how the taxonomy could be applied in other mathematical contexts.

2. Some mathematics test question taxonomies

2.1. The MATH taxonomy
Darlington (2013) considered a variety of taxonomies that could be used for categorising mathematics test questions, including Bloom’s taxonomy (Bloom et al., 1956), the SOLO taxonomy (Biggs and Collis, 1982) and the MATH taxonomy (Smith et al., 1996), among others; she argued that the MATH taxonomy was the most useful of these for comparing undergraduate mathematics test questions. The MATH taxonomy divides question types into three groups, with eight types in total, as shown in Figure 1.

	Group A
	Group B
	Group C

	Factual knowledge
	Information transfer
	Justifying and interpreting

	Comprehension
	Application in new situations
	Implications, conjectures and comparisons

	Routine use of procedures
	
	Evaluation


Figure 1: Smith et al. (1996) MATH taxonomy
In summary, we might say that Group A includes routine, instrumental questions (to use Skemp’s (1976) terminology), Group B covers questions of application of knowledge, requiring students to apply what they know (and therefore tests relational understanding and some aspects of problem-solving), while Group C covers mathematical logic and proof in various guises.
Following Darlington’s early work, we decided that the TMUA would be primarily based on questions fitting into Groups B and C, as these are the ‘higher order’ mathematical skills that are not generally tested in current A level examinations but which are needed to succeed on a mathematics degree. We designed the test to have two papers, with paper 1 testing primarily Group B questions and paper 2 testing primarily Group C questions. Each paper also has a few Group A questions at the start as a gentle warm-up for candidates.
However, multiple issues arose when trying to apply the MATH taxonomy to our new context. The first was that some of the categories (especially using the detailed descriptions and examples in Smith et al. (1996)) seemed fairly specific to undergraduate courses and did not translate easily to our context. The second was that we struggled to articulate clearly the meaning of or distinction between some of the categories, for example Information transfer and Application in new situations. The third problem was that we found it hard to write appropriate questions for second-year A level students for several of the question types. Our solution was to re-examine our approach to question classification, and the result was the development and use of our new taxonomy. It is to this we now turn.

2.2. The new taxonomy
Building on a veritable heritage of dichotomies that have been described between ‘routine’ and ‘understanding’, of which Skemp (1976) is but one example, and the MATH taxonomy described above, we have developed a meta-taxonomy which captures the ideas of both.
In this paper, we offer a dichotomy of routine/algorithmic versus conceptual/creative. Provisionally, we say that routine/algorithmic tasks are those which require a student to either reproduce something learnt by rote, or to perform a calculation or similar which is standard and well-practised; in either case, little creative thought is required (though care might be required to perform the algorithm correctly). In contrast, a conceptual/creative task is one which requires students to be creative or to think conceptually to be able to perform the task. Conceptual/creative here suggests that the question is unfamiliar, and that the student will have to do something new (for them) in order to be able to answer it.
In addition, whilst categorising questions using our taxonomy, the notion of ‘context’ is crucial. Education is a process, and as such what is a routine task to one person can be a creative challenge to another. For instance, asking a GCSE student to factorise a cubic given one root is likely to require considerable creative thought, whereas the task should be routine for an A level student.[endnoteRef:2] In designing the TMUA, we specify the context in two ways: first, we provide a test specification (a summary of the knowledge that is expected of candidates), and second, we make the (reasonable) assumption that the target cohort is drawn from a group of broadly similar cognitive development, by targeting the test at a narrow age range. In addition, it is important to ensure that the test specification is broad enough to allow question setters scope to write interesting questions, but also narrow enough to guarantee that all candidates will have met the content of the specification and be fully acquainted with all the routine mathematics that underpins its content. Failure to design a specification with these two remits in mind could result in a test that is less unidimensional than is desirable.  [2:  Of course, modification of the question could change its nature. Here, for instance, we could ask for a proof that the cubic  can be factorised, given a root of . Such a modification would probably take this question from routine to one that required at least some creative thought, but again, this would depend on what the target cohort is reasonably expected to have previously encountered.] 

How, then, does our new taxonomy classify mathematics questions? In simple terms it classifies a question in two stages: first, we ask what is the context of the individual, or cohort, at which the question is aimed. The answer to this tells us the scope of what we can reasonably expect to be routine/algorithmic and what would count as conceptual/creative for this individual or cohort. We provisionally suggested above that this is a dichotomy, but it quickly becomes clear that questions can require different amounts of each. Our second stage, therefore, is to ask what proportion of routine/algorithmic work and what proportion of conceptual/creative thought we would expect a member of the target cohort to need to use to answer the question. The context and the consequent proportions of routine/algorithmic and conceptual/creative aspects together allow us to give the question a position on a continuous scale. In the next section we provide a number of examples of the classification of mathematics questions which illustrate these ideas.
In Figure 2 we provide a visual representation of our taxonomy. Once context is set, a question finds its place on the horizontal axis according to the proportions of routine/ algorithmic work and conceptual/creative thinking required by a typical member of the target cohort. It is useful to note that we do not allow the possibility of a question having no routine/algorithmic input at all: we take it that all mathematics questions require at least some routine or algorithmic work, even if that is little more than elementary arithmetic.Figure 2: The new taxonomy

When constructing the TMUA, we additionally estimate how difficult each question will be for the cohort.[endnoteRef:3] We do this to ensure that the overall test is constructed to maximise the information we can extract from it and to ensure that no question mismatches the target cohort (by being either too easy or too difficult). What is important to note for this paper is that question difficulty is independent of taxonomy classification. That is to say, we can set questions which are mostly routine/algorithmic that are difficult and questions that are mostly conceptual/creative that are easy. For instance, asking for the value of  without access to a calculator would be classified as routine for most A level mathematics students but is likely to prove difficult to answer successfully. Conversely, we have set logic problems which, though very unfamiliar and therefore requiring creativity, are very easy to solve. [3:  There are a number of ways to quantify ‘difficulty’ and here the distinction is not important. Roughly we could take difficulty to be simply related to a measure of what proportion, on a 0 to 1 scale, of the cohort answer the question successfully. So a question that is easy would be expected to have a score of 0.8 or more, and a difficult question would be expected to have a score of 0.4 or less. Alternatively we could use measures such as Rasch difficulty, but these fall outside the scope of this paper.] 

Before turning to discuss how we have used our taxonomy in the construction of the TMUA and to illustrate the use of the taxonomy with a set of examples, we shall make some brief general comments on a variety of its features:
1. We can broadly relate our continuum to the classification in the MATH taxonomy: Group A questions are generally mostly routine/algorithmic, and as we move to Group B and then to Group C questions, the proportion of conceptual/creative thinking required increases, as suggested in figure 2. However, the issues we had with the fine-grained classification that Smith offered in his MATH taxonomy alerted us to the fact that the mapping is not perfect. In particular, it is possible to ask relatively routine Group C questions and relatively creative Group B questions.
2. The taxonomy can be used in its general form as an underpinning for a variety of more specific taxonomies. The exact nature of the notions algorithmic/routine and conceptual/creative would have to be fleshed out for different subjects. We speculate that it is likely that subjects such as physics would demonstrate a close relationship to the specifics of the way we have unpacked these, whilst subjects that move away from mathematics in some way – such as geography or music, perhaps – are likely to need a more radical reworking of the construal of algorithmic/routine and conceptual/creative.
3. Whilst most taxonomies offer clear classification of questions under a discrete set of criteria, our taxonomy places a questions on a continuum in a manner that is dependent on context. There are subtle issues in relating the continuum approach to classification with good unidimensional test design but we do not address these here, leaving them for a forthcoming publication.

2.3. The test construction
Darlington (2013) examined a number of examination questions and classified them using Smith’s MATH taxonomy. Her preliminary findings suggested that A level pure mathematics tends to comprise largely of Group A questions with some Group B ones, whilst university assessments had a large proportion of Group C questions and a far lower proportion of Group A questions. This finding motivated us to look at designing a test that contained a suitable number of questions from each group.
The initial conception for the TMUA was that paper 1 would consist primarily of Group B questions and paper 2 would consist primarily of Group C questions. To set out a context we started by creating a specification. It includes AS level pure mathematics content for both papers, and an additional collection of elementary logical ideas for paper 2. These logical ideas include formal terms such as ‘and’, ‘or’ and ‘if’, and tools including how to negate a statement and how a deductive proof works. These are the basis of all mathematical proof, and so testing mathematical reasoning is enhanced by being able to use this more formal language.[endnoteRef:4]  [4:  In order to support students preparing for this test, we have also written a self-study guide for students explaining these ideas.] 

[bookmark: _Ref473034950]As we have written an increasing number of test questions over the last year, and concomitantly developed our new taxonomy, we have refined our understanding and approach to paper construction. Our current conception of the papers is broadly as follows: paper 1 consists of questions which are at least 50% routine/algorithmic, and are based on the pure content of AS mathematics; paper 2 consists of a mixture of questions testing logical tools and questions with a higher proportion of conceptual/creative thinking, which may well make use of basic logical ideas. Some examples of questions are given in the next section.
3. Examples of questions

3.1. An AS level examination question
(i) Find and simplify the first three terms in the expansion of  in ascending powers of .
(ii) In the expansion of , the coefficient of  is 4416. Find the value of .
(OCR Pure Mathematics 2, May 2013, question 3)

In our taxonomy, part (i) of this question would be regarded as 100% routine/algorithmic: students are used to doing this question from textbook exercises, and there is nothing unusual about it. Part (ii), on the other hand, is no longer quite so routine: while there are related questions, there is nothing exactly like it in any of the six OCR papers between 2010 and 2012. The required steps are familiar and routine, but some thought is required to decide upon the method of solution. However, once students have worked through a textbook exercise and a few past papers, these steps are all individually fairly familiar, and the combination is not that unexpected. As an estimate, we could thus suggest that part (ii) is about 90% routine/algorithmic, 10% conceptual/creative for students taking this paper.

3.2. A TMUA Paper 1 question
Find the maximum angle  in the range  which satisfies the equation

(A)   (B)   (C)   (D)   (E)   (F)   (G)   (H) 
(TMUA, Paper 1, 2016, question 8)

This question is less familiar than the one above, and consists of applying several routine techniques in an appropriate order, but thought needs to be taken to determine this order, and students are unlikely to be familiar with quadratic equations involving surds. We might suggest that this question is 75% routine/algorithmic and 25% conceptual/creative. (This would certainly be a Group B question in the MATH taxonomy.) In practice, this question was found to be quite hard, perhaps because of the many steps involved.

3.3. A TMUA Paper 2 question
In this question  and  are non-zero real numbers.
Which one of the following is sufficient to conclude that ?
(A)   (B)   (C)   (D)   (E)   (F) 
(TMUA, Paper 2, 2016, question 10)

This is a question which depends upon relatively little algorithmic knowledge: having a simple knowledge of the rules for handling inequalities is unlikely to lead to the correct answer, and the incorrect option (D) is very tempting (being based on the belief that ‘taking reciprocals reverses an inequality’). One requires a strong grasp of how inequalities work, or the willingness to explore a representative range of possibilities for  and , in order to be able to successfully answer this question. This question also fails to fit neatly into any of the MATH taxonomy types. However, this does not cause any difficulties for our taxonomy, as we are only asking how much conceptual/creative thinking is required in comparison with routine/algorithmic thinking. In this case, there is very little routine/algorithmic thinking necessary: almost all of the work is in deciding upon a strategy. So we might class this question as 20% routine/algorithmic and 80% conceptual/creative.

3.4. Computer Algebra Systems and our taxonomy
One possible alternative way to think about the conceptual/creative content of questions is to ask how easy it would be to solve them using a standard computer algebra system (CAS), such as Mathematica or GeoGebra, and we now do this for the above examples.
Starting with the A level question, a CAS could be instructed to ‘expand ’ and immediately obtain the answer to part (i). However, for part (ii), one would have to perform more than one step to obtain the solution, as there is no standard way of saying ‘find the value of  given …’.
For the TMUA paper 1 question, a CAS can obtain the general solution to this trigonometric equation with no difficulty (though in radians rather than degrees), as CAS systems are designed to solve a wide variety of equations. The only part requiring more effort is finding the maximum solution in the given range, which is fairly routine given the general solution.
For the TMUA paper 2 question, though, it is not clear to the authors how one could ask this question to a standard CAS, and the thought required to work this out is likely to be far greater than that required to solve the question without a CAS.
These examples suggest that, with the exception of the task of solving an equation or the like (which is a particular forte of computer algebra systems), the difficulty of answering a question even with access to a CAS could provide a reasonable guide to the proportion of conceptual/creative content of a question, which can then be improved by expert judgement.

4. Discussion
The TMUA is still in its infancy but the responses from universities who have started to use the test as part of their admissions processes have been very encouraging, and our initial predictive validity studies suggest that the theoretical approach we have taken to the test design using our taxonomy is an effective one. Results from an early trial of tests designed using our approach demonstrated a correlation of over 0.4 between candidates’ trial TMUA results and their undergraduate scores in the core mathematics modules taken one year later at the end of their first year of study. A correlation of 0.4 is taken to be excellent for an admissions assessment, according to the standard for evaluating such correlations, and suggests that the TMUA is ‘very beneficial’ as set out in Table 1 below. In simple terms this suggests that doing well on the TMUA is a good predictor of having the potential-to-thrive on a demanding undergraduate degree on mathematics.

[bookmark: _Ref457812676]Table 1: Guidelines for interpreting predictive validity coefficients
	Correlation coefficient
	Interpretation

	>0.35
	Very beneficial

	0.21 – 0.35
	Likely to be useful

	0.11 – 0.20
	Depends on circumstances

	<0.11
	Unlikely to be useful


Source: Saad et al. (1999, p.3-10)
As is the case with all the tests that Admissions Testing offers, we undertake continual research and analysis and this work is ongoing with the TMUA. We are also beginning to look at how we might analyse and improve approaches to test construction in general using our taxonomy.
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