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The purpose of this article is to present some types of mathematical problems that stimulate inquisitiveness, mathematical thinking and creativity of students in studying of Calculus Courses. Our approach based on characterizing standard and well-known entities in a manner that is enticing and unexpected by both weaker and stronger students, and which do not rely on rote memory or technical skills. Our aim is to strengthen the cognitive interest, mathematical thinking, and creativity of the students and to improve their understanding of  two-way path between formulas and geometrical objects. Note that developing creative mathematical thinking has become a central problem in our time in the light of advanced technologies that enables many technical operations by calculator and computer. We have found that our approach is effective in teaching Calculus of one and several variables as well as in the Pre-Calculus preparatory courses.
    The problems be discussed  have been presented many times in teaching the Calculus, Analytical Geometry and Linear Algebra courses in our college. Our experience is that they succeeded in arousing cognitive interest among the students.  By their nature, the problems are novel and require mental effort by students at all levels of mathematical preparedness.  
Theoretical background
    The key to our problem types related to the connection between equations and spatial figures in space of various dimensions.





    We introduce the concept "the locus or graph of an equation, where  is a function of a point ", as the set of all the points and only the points in the given coordinate system whose coordinates satisfy this equation.  We will denote the graph of the equation  by.

    For the case of n=1 we have one variable only and consider the graph of the equation as a set of all the points and only the points on the x-axis that satisfy this equation.

    For the case of n=2 we have two variables and regard the graph of the equation as a set of all and only the points on the xy-plane that satisfy this equation.

    Similary,for n=3, we regard the locus of the equation as a set of all the points and only the points in the xyz- space whose coordinates satisfy this equation. 
    The questions discussed in this article can be divide into two main types:
AG. Find the graph of the given equation.
GA. For the given geometrical figure (the given set of points) in the coordinate system, find the equation for which the given figure is its graph. 
Such types of questions can also be interpret as some translation problems:
AG. From analytical language (the language of formulas) to a graphical one;
GA. From graphical language (the language of figures) to the language of formulas (the analytical language), (Satianov and Dagan, 2006).
    In the course of extensive mathematics teaching, it is our experience that this process of translation significant enhances the mathematical thinking and develops ability of the students to solve various problems.
1. 
Examples in  

As most students believe, the equation  has a finite number of solutions, or at least its solutions are isolated points on the x-axis.
Example 1.1 (AG problem). What is a graph of the equation?

.
Answer: The segment [0, 1] of the x–axis. 
This answer is unexpected for many students. It can be obtained both analytically (by disclosure an absolute value in three proper intervals) and geometrically (by interpreting of the left side of this equation as the sum of the distances between point x and the ends of the segment [0, 1]. 
For AG problems, as in example 1, the answer is unambiguous (it is one and only one graph for the given equation).
Example 1.2 (GA problem). Compose an equation of the segment [2, 4] of x-axis. 
The possible answers:


For GA problems, as in example 2, the answer is ambiguous and various correct answers are possible (that presenting an opportunity for competition between the students for the best answer). 


Example 1.3.  Compose an equation whose graph is the union of two segments.


The possible answer: .
Here we used the simple idea about union of graphs of two equations:








If  and  are graphs of equations and with common domain of definition, then the graph of the equation:  will be the union of two graphs and :    .
Note that generally: 

.
Intersection of graphs of two equations







If  and  are graphs of equations,  that the graph of the equation:   will be intersection of the graphs , 



It can also be obtained using the equation: :


In the case of intersection, there is no need for the common domain of definition of two equations.
Note that generally:

.

Example 1.4. Give an equation of the interval  .

The possible answer: .
Example 1.5. Give an equation which locus is the set of all integers. 

The possible answer: .
Example 1.6. Give an equation which locus is an infinite set of isolated points with only one point of density.


The possible answer:  :        

Here all zeros of the function are isolated points and  x=0   is unique point of density of  the sequences  . 
Example 1.7. Give an equation whose graph is an infinite set of isolated points with two point of density x=0 and x=1 .

The possible answer: .
    Thus, even in the case of equations with one variable only, we can ask novel and unconventional questions, and we are convinced it is worthwhile to introduce such types of the problems to the students.
2. 
Examples in  

    It is clear that in the case of two-variable equations we get a wider range of interesting questions of the types presented above. The standard questions about such as: "what are the graphs of equations?" are trivial for a well-prepared students and do not stimulate their thinking, except rote use of previous knowledge in analytic geometry. In contrast, we ask such  questions as in the next examples:  
Example 2.1. What is a graph of an equation?



Example 2.2. Construct an equation for the lattice of all integer points  in the  xy-plane.

The possible answer: ). 
With the help of such examples, we stimulate thinking of both "strong"(well prepared) and "weak"(poorly prepared) students in the class. This appears to be because while the knowledge required for their solution is minimal and answering the question requires that the student analyze the problem through combining both its analytic and geometric meaning, rather than relying on rote memory.  Indeed, in the classroom we often find the “weaker student” responding with the answer before the “stronger”.      

Example 2.3. What is the graph of the equation: ?
Only in rare cases, we receive the right answer to this question without any hint. However, after one or two hints already a number of students may give a correct answer. In addition, what is important, the explanation is not complicated at all and related to some simple principles, after the assimilation of which most of the students in the class understood the decision of the problem.
Hint 1: Think in which case the product of the two factors is zero.
Hint 2: Think about the domain of ​​definition of the equation.                     

It is also useful to combine such questions with the use of a scientific calculator (e.g. Casio fx-991ES Plus) where, after the input of the  function  and pressing CALC key, it is easy to compute the function's values for any selected values of variables. This makes it easy  for students to see that if, at least one of the variables (x or y), goes beyond the segment [-1,1] the calculator shows an error, and only if one of its values is equal to 1 or -1 and the other is into the segment [-1,1], the calculated value of the function equals to zero. 

After the students understood that the graph of equation  is a square, in the sense of its four sides (we will say "a wire-made square"), the next question asks in the class is:


Example 2.4. How to change this equation   so that it becomes the equation of the square as the set of all points in the xy-plane that satisfy the condition: ? (We will say "a paper-made square").
According to our experience, there was almost no case when any of students replied quickly and correctly, despite the existence of very simple answers: 


  or .



Example 2.5. How to make from the equation  the equation of the "open" square as the set of all points in the xy-plane that satisfy the condition: ? The possible answer: .
Such formulas are mean of a game with domain of definition of the equation, but some of mention above questions have nicer answers based on the others ideas.



For example, the "wire-made square"  can be obtained by means of everywhere defined equation:   , and  the "paper-made square",   can be obtained by the next equation:

.

It is useful to check the last equation by means of scientific calculator, which make it easy to check that each point within the square, or on its sides, satisfies the equation and any point outside this square did not. 

Example 2.6. How to change the "wire-made square" equation  in order to get four vertices of this square only (we will say "a square lattice")?

A very simple answer is to replace the sign of multiplication in the original equation by the plus sign: 

Example 2.7. The polygon equation


As an example of logical thinking in creating equations of given figures, we will consider how to construct an equation of any "wire-made" polygon. Such a polygon can be considered as a union of its sides, so if we can get an everywhere defined equation for the k-th segment we can construct the polygon equation in the form: .

The equation of a segment that connects two points ,  can be construct from the simple idea that the sum of distances of each point (x, y) of the segment to its ends,  is equal to the length d of this segment, so we have:

.
Aד example, by this way, for the triangle with the vertices O(0,0), A(0,1), B(1,0) we will get:



Therefore the equation of this triangle, in the sense of its sides only ("wire-made" triangle), is: .
It seems rather complicated, but this equation is built on basis of the very simple principles, mention above, as a more complicated figure can be built from the simple elements of a Lego Constructor.
When one equation for the given figure was built, the next question is to find another, may be simpler equation and this is a challenging problem for the students (and lecturers too).
Another equation for this triangle related to the use of complex numbers: 


Example 2.8. The Triangle equation
For a triangle, as the set of all points on the plane closed by its sides (the "paper- made triangle"), equation can be obtained on basis of the simple geometric statement:  for any inner  or border triangle's point P  the sum of areas of the triangles PAC, PAB, PBC is equal to the area of ​​the triangle ABC: 



Bu using the formula for ​​the area of the triangle   we can write the triangle equation in the form:


(Satianov,1995; Amit, Fried & Satianov, 2004). 
As example, for the triangle with the vertices O(0,0), A(0,1), B(1,0), we get 

.
After expansion of all the determinants the equation of this triangle will be:

.

Note, that  are the determinant composed equations of the straight lines on which lie the sides of our triangle.
We strongly recommend for our students to substitute coordinates of some points within the triangle (or on its sides) in the left side of this equation in order to make sure that we always get the number 1 as an answer. Similarly, substitution of any point outside the triangle gives a number greater than 1. As was said earlier, the use of the scientific calculator option gives an essential help for this purpose. 
3. 
Examples in  

In this section, we discuss about equations  and their graphs in 3- space. The Ideas, developed earlier, give questions that are more diverse when thinking about three-dimensional space. We start from the essential note that now we consider xyz coordinate system and even in those cases, when we see in the equation only one or two variables, we are thinking about three, and the variable, which is absent in the equation, we will call a "fictitious" variable. Thus, all the previous examples can considered in the three-dimensional case too.
For one-dimensional examples, instead the points on the coordinate axis we will give the planes in xyz-space, which are perpendicular to the existence variable axis (are parallel to the lacking variables coordinate plane).

Example 3.1. What is the graph of the equation:  in the xyz-space?

Answer: The set of all planes   that are perpendicular to x-axis (are parallel to yz-plane).

Example 3.2. What is the graph of the equation:  ?

Answer: The set of the planes   

For two-dimensional examples instead of any point, satisfied given equation in ,  we will have the straight line that is parallel to the lucking variable axis (is perpendicular to "non-fictitious" variables coordinate plane). 

Example 3.3. What is the graph of the equation: in 3- space?

Answer: The set of all straight lines that are parallel to z-axis and pass through the all integer points   on the xy-plane. 

Generally, we have 3 types of such equations: Each of them gives a "cylindrical" groups of points in xyz - space, similar to the one described earlier.
In these cases, we always clarify to the students that we are talking now about equations with 3 variables where one of them, escaped from the equation, is called fictitious. Anyone who wants to see it can put it in the equation with coefficient 0, or in some other way. For example: 

.

Therefore, equation x + y = 1 in 3-space gives a plane that is perpendicular to the xy-plane and passes directly through x + y=1 line on the xy-plane. The equation  gives a cylinder with radius 1 and axis of symmetry x-axis.

Example 3.4. The graph of the equation:   is the cube as the union of all its faces (a "paper-made cube"), (Satianov and Fried, 2007).

Here is one more nice equations for such "paper-made" cube:  .
Example 3.5. The graph of the equation:


Is a cube as the union of all its 12 edges (a "wire-made cube")


Example 3.6: The graph of the equation:  Is the union of all  vertices of the mention above cube (a "cube lattice").

Example 3.7.The Graph of the equation: 
Is a cube as the set of all its inner and border points (a "wooden-made cube"). Here is one more nice equations for such a "wooden-made" cube: 

.
Any question about such equations may be given in AG form (from equations to graph) or in GA form (from graph to its analytical description by suitable equations). Note, that GA forms need a deeper and more creative thinking of students. 
Example 3.8. The triangular pyramid equation may be construct similar to triangle equation, described earlier, as the sum of absolute values of the left parts of its four faces determinants-made equations, equals to 6 volumes of the pyramid (Satianov, 2005):


Note, that now, by the use of computer programs, such equations may have an additional sense in practical applications and not only as an effective tool for development creative thinking of the students. 
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