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Teaching the graphing of formulas to improve students' symbol sense

Peter Kop, Iclon Leiden University

Abstract
Graphs can give meaning to algebraic formulas. In graphing formulas by hand, formulas are linked to graphs. In order to describe strategies in graphing formulas, a two-dimensional framework from experts’ strategies was identified. To effectively and efficiently graph formulas one needs a global view for recognition, algebraic reasoning, and strategic work, which are aspects of symbol sense. The research question was whether students’ symbol sense could be improved by teaching them how to graph formulas. During six lessons in two weeks 20 students of a grade 12 math A class (preparation for science studies) worked on tasks in graphing formulas. Two students were followed in a pretest and posttest. Both students improved their symbol sense, in particular their recognition of function families with prototypical graphs and their ability to read graph features from the formulas. Results suggested that, although teachers and textbooks in regular education pay much attention to basic functions and the link between graph and formula, students have trouble with graphing formulas, and two weeks might not be long enough for average students to become proficient in graphing formulas. We suggest starting with graphing formulas in an early stage of teaching functions.

1. Symbol sense
Students have difficulties with algebraic formulas, in particular with giving them meaning and with grasping their structure and manipulating them (Kieran, 2006). There are different ways to create meaning for algebraic formulas: from the problem context, from the structure of the formula, and from other representations of the function, like table and graph (Kieran, 2006). Graphs are more accessible than formulas (Leinhardt et al., 1990). The graphical representation gives information about the shape of the graph, intervals of increase or decrease (co-variation), turning points, and infinity behavior. In this way, a graph visualizes the “story” of an algebraic formula. 
The link between formula and graph can give meaning to formulas. However, in order to read formulas, one has to grasp their structure and to recognize a set of basic functions. In the literature this is called “symbol sense” (Arcavi, 1994). Symbol sense is a very general notion of “when and how” to use symbols and to see an algebraic formula as a whole rather than a concatenation of letters, and to recognize its global characteristics. In problem solving, symbol sense tells one when to call on symbols and when to abandon a symbolic treatment for better tools (Arcavi, 1994). Pierce and Stacey (2001) used algebraic insight to capture the symbol sense in the “solving” phase of problem solving, when one is working with formulas and graphs (Pierce and Stacey, 2001). Algebraic insight has to do with linking representations (algebraic and graphical representation) and with recognition and identification of objects, forms, key features, dominant terms, and meanings of symbols (algebraic formulas) (Pierce & Stacey, 2001). With algebraic insight, features of formulas and equivalent formulas are linked to features of graphs. 


Drijvers et al. (2010) see symbol sense as complementary to basic skills. Both are needed for algebraic expertise. Basic skills involve procedural work with a local focus and an emphasis on algebraic calculations, whereas symbol sense involves strategic work with a global focus and an emphasis on algebraic reasoning. A global focus has to do with the ability to see the algebraic formula as a whole, to “read through” the algebraic formula and recognize its global characteristics, and to foresee the effects of manipulation. This global focus is also addressed in the literature as the object perspective (Even, 1998; Oehrtman, Carlson, and Thompson, 2008). The object perspective stresses the entity character of a function, the behaviour of the function on an interval or whole domain, the ability to imagine running through all input-output pairs simultaneously and so to reason about how a function is acting on an entire interval of input values. This perspective opposes the pointwise, process, or correspondence perspective, which sees a function as an input-output machine. This perspective has to do with the fundamental view of functions (what it means that a certain-value corresponds to a given -value). Switching between both kinds of perspective is necessary for reasoning about functions. The global approach is more powerful and gives a better understanding of the relation between formulas and graphs, but the pointwise approach is needed to monitor naïve and/or immature interpretations and to construct meaning (Even, 1998). 
In summary, symbol sense is the ability to read through algebraic formulas, to see the expression as a whole rather than a concatenation of letters. It is the ability to see structure, to recognize basic forms and characteristic features in the formulas, to reason with and about formulas, to link representations of functions and know when to abandon a representation. Symbol sense is a compass to know when and how to use basic skills. Graphing formulas forces students to use and practice symbol sense, which can give formulas more meaning for students. 

2. Graphing formulas
In order to teach symbol sense and to give students the opportunity to give more meaning to algebraic formulas, in the current study, we explicitly link formulas to graphs: graphing formulas by hand. To effectively and efficiently graph formulas, the mentioned aspects of symbol sense are needed, as has been shown in research with experts (Kop et al., 2015). A two dimensional framework with strategies in graphing formulas, based on recognition and heuristic search, was identified to describe experts’ strategies. Aspects of symbol sense are shown in this framework. 

Table 1: Two-dimensional framework (Kop et al., 2015) 
	
	
                                                 Heuristic search (strongweak) 

	 Levels of  Recognition    (low     high)      
             
	A
	A1. Graph is instantly recognized as a whole
	
	
	
	

	
	B
	B1. Recognition of family (with characteristics)
	B2. Search for ‘parameters’ of the graph
	B3. Investigate the family characteristics, for instance via zeroes, …
	
	

	
	C
	C1. Split formula in sub formulas 
	C2. Compose the graphs by qualitative reasoning 
	C3. Compose the graphs by making a table
	
	

	
	D
	D1. Graph unknown; Characteristic aspect of graph is recognized.
	
	
	
	

	
	E
	E1. Graph unknown; strategic exploration of algebraic formula  
	E2. Qualitative reasoning about  domain, or vertical asymptote, or symmetry, or infinity behaviour, … 
	E3. Algebraic manipulation
	E4. Strategic search, for zeroes or extreme values 
	E5. Calculate strategically chosen point(s) 

	
	F
	F1. No recognition at all
	F2. Standard repertoire of research
	F3. Make random table 
	
	



The experts showed their symbol sense, as they used strong heuristics (like qualitative reasoning about the functions’ features such as infinity behaviour, symmetry, domain, increasing/decreasing), and used their repertoire of instantly graphable formulas (IGFs). See Figure 1.
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Figure 1: Paths of two experts graphing  (Kop et al., 2015)


Kop et al. (2017) found that the experts’ repertoires of IGFs resembled the basic function families taught in secondary school, like exponential, logarithmic, and polynomial functions. The experts seemed to have linked prototypes of function families to a set of critical graph attributes of the function families. For instance, a prototypical logarithmic graph has a vertical asymptote, has only positive -values as a domain, and is concave down. These prototypes and attributes were used by the experts to recognize IGFs and to handle other exemplars of the function families. To graph formulas, a knowledge base for recognition is needed, and heuristic methods, like splitting formulas and qualitative reasoning about infinity behaviour and symmetry, are needed when recognition falls short. 
In secondary school curricula much attention is paid to basic functions, but students’ repertoires of IGFs are unknown. Symbol sense, which is necessary for graphing formulas, is underrepresented in the mathematical curricula (Drijvers et al., 2010; Leinhardt et al., 1990). This leads to the research question: Can we improve students’ symbol sense by teaching them how to graph formulas by hand?

3. Method 	







In the current study, we followed two students, P (talented) and Q (average), from a grade 12 math A (preparation for social science studies) class of 20 students. These two students were interviewed before the teaching experiment, to find out about their problems in graphing formulas. Both students were asked to think aloud while graphing some basic functions, like, some more advanced functions, like, and some complex functions, like. Student P was rather successful in the basic and more advanced functions, but was not successful in the complex functions, as s/he predominantly used the strategies “when  is increasing then  …”, “translate a graph vertically …..”, and “calculate a point”. Student Q was unsuccessful in all categories. Neither student recognized features of the graph from the formulas, like the zeroes from the formula. Above all, the students did not seem to “question” the formula, which means “they just started with a first association and never reconsidered their strategy, even when they knew that they were on a dead end”. Both students were asked to describe their strategies and their experiences with these tasks. Student P indicated that s/he was confused in his/her thinking about formulas: “I think of calculating and not converting them into graphs”. About the strategies: “some graphs I just know; logarithmic I never really studied; for the rest I calculate numbers in my head, with increasing -values”. Student Q thought it very hard to do, had no picture of it, but indicated “I should have known this”. 
Landa (1983) described the importance of general thinking methods, or meta heuristics that are needed to use one’s skills and knowledge in problem situations. In teaching the graphing of formulas it is necessary to pay explicit attention to these meta heuristics, like “questioning formulas”, to order functions into categories of function families, and to develop a repertoire of heuristics. Based on both interviews and Landa’s suggestion to pay explicit attention to “questioning the formula”, we decided that the teaching should improve students’ questioning of the formulas, increase students’ repertoire of strategies and their repertoire of IGFs, and enable students to read more graph features from the formulas and use more prototype reasoning and attribute reasoning.                     
The teaching experiment in the whole class took place in January 2016. It took place in six lessons of 45 minutes each over two weeks, and included a pretest. After this period a posttest, which had the same kinds of tasks as the pretest, was administered to the students. During the pretest and posttest students P and Q were asked to think aloud. In the classroom, students worked in pairs or groups of three, and were stimulated to discuss their solutions. 
In the teaching material we used the two-dimensional framework as a rule book for the students: What do you recognize? What heuristics can you use? The tasks reflected the recognition levels A till E from the framework. For each recognition level we formulated one big task, without any introduction questions. For students who needed help, examples and explanations were formulated (for instance, the use of Geogebra in exploring parameters). In reflection tasks the students were often asked to give more examples. Short plenary sessions were held to discuss and to demonstrate strategies. After these big tasks two tasks for an overview were given.
Examples from the teaching material:

Level A of the framework: Match formulas of basic functions like  to their graphs.




Level B: Describe the differences and similarities of the graphs of the pairs of functions: and;  and 




Level C: Decompose the function  into sub functions and, graph sub functions and compose the graph of
Level D: Given two equivalent formulas and a graph; what features of the graph can be read from the formulas? 
Two examples:
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Level E: What happens to the-values of the functions,, and  when?  Make your choice: ;; 0;


The pretest and posttest lasted 30 minutes and both contained similar tasks. For example, draw a rough sketch of the following functions ….., a multiple choice task, a task to describe infinity behavior of a graph, a task to fit a formula to a given graph, and a task with algebraic reasoning about covariation: “what happens to the-values when is increasing?
The following are some examples to illustrate these tasks from the posttest.
· 


Make a rough sketch of the graph of;;.
· 




What happens to the-values when  goes to infinity:;;.
· Find a formula that fits the graph: 
[image: [image]]
· 
The formula  indicates the concentration of a medicine in the blood for a period after taking the medication (C in mg/cm3; t is the time in hours). What does this formula tell you about the concentration of medicine in the blood?

4. Results 









In the pretest, as in the interview before, student P predominantly used the strategy “when  increases then….”  . S/he did not recognize extreme values in  (a graph with a minimum at =0 was drawn). When to graph  s/he did not recognize the zeroes, but expanded the brackets correctly, which was followed by reasoning about “when is increasing,  is increasing, but on the other hand, is decreasing”. Via calculating points, s/he determined that via (0,24) the graph first decreases and then increases (after a minimum). On the multiple choice test of 11 items, s/he scored only two correct. However, on the task about infinity behaviour s/he scored 4.5 out of 6. These kinds of tasks are part of the final exams and so, are often practiced: for example. The task of finding a formula that fits a given graph was too hard. P needed so much time that no time was left for the last task.


The posttest results were much better: student P showed more symbol sense. In particular, P improved in recognizing graph features from the formulas. For instance, now s/he recognized the turning point in  and the zeroes in . When P’s strategies were drawn in the two-dimensional framework (like in Figure 1) the paths were situated closer to the top (more recognition) and more to the left (more strong heuristics). We illustrate this using two citations.

Sketching 

P: “it’s always positive;  negative, so it has a top; it is translated 5 to beneath and 3 to the right; so something like this (correct graph)”.

Sketching 

P: “translated 2 above;  so, decreasing; when you substitute a negative number then always larger; so something like this; and this is 2 (indicating the right tail of a correct graph)”.


Student P still had problems with the logarithmic graphs (incorrect graph of, but could reason about translations using this incorrect graph). Much progress was made in the 21 alternatives multiple choice task and the task of finding formulas that fit a graph. Student P worked much faster on these tasks, and was able to finish the last task about covariation (“What can you tell from the formula about the development of a variable when  is increasing”). Two citations to illustrate his/her reasoning on this last task.

Describing the covariation of 



P: “300 divided by ….; why a limit; maximum number is 150; as t increases, decreases, decreases,  decreases, 300/…. increases; so the maximum value is 150”. 

Describing the covariation of 



P: “also increases, but  is smaller; but for large numbers  will increase more and the function increases; that results that in the start it will decrease, but later increases”.



In the pretest, student Q also used the strategy “when  increases then….” predominantly, and lacked a repertoire of IGFs. After the lessons, Q seemed to use more symbol sense as s/he mentioned function families more often and, for instance, gave a correct explanation of why the function  was increasing to 100. S/he also showed symbol sense when recognizing features from the formulas. Two citations to illustrate this.

Sketching 

Q: “here you have zeroes three times: ; what direction is it going? A negative (head coefficient), so it’s going the other direction”

Sketching 

Q: “rootsfunctions go like this; it is translated 5 beneath; so it is under the -axis; no further strange things”.



However, Q still made many mistakes and often got stuck. Q was confused more than once, as illustrated in “ function; we did this, but I do not know this anymore” and in “(sketching) I do not know anymore what something to the powerdid; something with families; it seems to look like ‘to the power an odd number’, but I do not know, it does not fit”. In some situations, it seemed that Q used more symbol sense, but in other situations Q still lacked a repertoire of IGFs and heuristics to deal with these problems.
In table 2 the results of both students on the pretest and posttest are compared. The table shows that student P had 4 out of 8 items of the first task correct in the posttest. The table indicates where a student did not start a task or item: in the pretest student Q only tried 3 items (out of four items) of task 5.
Table 2: Results of student P and student Q in pretest and posttest 
	
	Task 1
sketching
	Task 2
MC
	Task 3
infinity
	Task 4
Finding formula
	Task 5
covariation

	Pretest P
	1 / 8 (13%)
	2 / 11 (18%)
	4 / 6 (67%)
	0 / 3 (0%)
	0 / 0 

	Posttest P
	4 / 8 (50%)
	10 / 15 (67%)
	6 / 6 (100%)
	2 / 4 (50%)
	4 / 4 (100%)

	Pretest Q
	1 / 8 (13%)
	1 / 10 (10%)
	1 / 6 (17%)
	0 / 3 (0%)
	0 / 3 (0%)

	Posttest Q
	3 / 8 (38%)
	6 / 15 (40%)
	1 / 6 (17%)
	1 / 4 (25%)
	2 / 4 (50%)



5. Conclusion and discussion 
Our aim was to improve students’ symbol sense through the graphing of formulas. In successful graphing of formulas one has to use symbol sense, as expert research has shown, since graphing of formulas requires a global view for recognition of function families, algebraic reasoning about formulas for reading graph features from the formulas, and strategic work. Our findings show how both students, P and Q, improved on these aspects of symbol sense. They used higher levels of recognition (a larger repertoire of IGFs) and more strong heuristics. In addition, they used more prototypical graphs and used the object perspective more. This all resulted in faster work. These findings were confirmed by the results of the other students. The talented student P seemed to make more progress than the average student Q. Observations in the class suggested that student P put more effort into the two overview tasks. Another possible explanation is the limited time spent on graphing formulas (only six lessons). Maybe this was too short for students with very little prior knowledge and symbol sense. This might have resulted in confusing students, as student Q reported. 
 The tasks we used in the teaching of graphing formulas seemed to motivate the students, although after two weeks some of them seemed to be getting tired of it. Students were engaged in discussions and argued to make sense of the graphs of single functions and of function families. The short plenary sessions were used for modelling expert reasoning in graphing formulas, for feedback, and for giving an overview of function families and heuristics. In particular the demonstration of transformations using prototypical basic graphs, composing two sub-graphs into one graph by addition or multiplication, and reasoning about infinity behavior were needed and took more time than expected. The time issue has already been mentioned above: maybe two weeks was too short.
At the moment, many textbooks typically start with a local view on functions and much attention is paid to basic functions with representations and transformations. This focus seems to result in local knowledge and a pointwise, process perspective on functions. This perspective is not very helpful in reading and graphing formulas, nor in giving meaning to formulas. Therefore, we suggest starting, at a very early stage, with explicit teaching of the graphing of formulas to students. In this way students can permanently link algebraic formulas to graphs and learn what to look for in graphs. Students should deal with more complex functions and function families from the start. Exploring characteristics of these graphs of functions using technology, organizing activities like categorizing functions according to particular (graph) features, and recognizing graph characteristics from formulas, can result in functions having more meaning for students. In this way, students start with more complex thinking units, as happens in other domains of society nowadays, like architecture and computer programming. The future world will use more complex units. In order to deal with this complexity, students will need global views and the abilities to reason qualitatively about concepts. For algebra this requires symbol sense, which, as our research suggest, can be taught through graphing formulas.   
Although our teaching tasks seemed to be rather successful, further research is necessary to investigate how the graphing of formulas and symbol sense can be taught effectively and efficiently, and in a way that motivates students. 
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