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L eaving Earth and arriving at another planet or asteroid re-
quires a spacecraft to implement a sequence of manoeu-
vres. These include changes of velocity needed to escape

Earth, to insert into an orbit around the target and make any
intermediate manoeuvres to assist in the
transfer. In fact, space mission designs
are often measured by a delta V (∆V ) or
total propulsive speed change require-
ment of the spacecraft.

These manoeuvres are performed by a propulsion system on
board the spacecraft, working on the principle of expulsion of a
propellant at high velocity to provide a reaction thrust. The ve-
locity of the propellant is determined by the type of propulsion
system available on the spacecraft. Standard chemical rocket en-
gines using the combustion of a fuel and oxidant achieve propel-
lant speeds of typically 3,000 to 4,500 m/s. This is a measure of
the specific impulse of the propulsion system, or impulse per unit
mass of propellant.

The amount of propellant used to achieve a given∆V is given
by the classical rocket equation, i.e.:

mfuel = minitial

(
1− e−

∆V
Isp

)
,

where mfuel is the propellant mass, minitial is the initial mass of
the spacecraft, ∆V is the delta V and Isp is the propulsion system
specific impulse (measured in m/s).

The exponential relationship shows clearly that large speed
changes can result in the mass available after the manoeuvre ap-
proaching zero. The key consideration is the ratio of ∆V to
propulsion system specific impulse. When the mass remaining

after subtraction of propellant becomes less than the mass of the
spacecraft support systems and instruments, the designated trans-
fer becomes unviable.

This means that either the required speed change must be
reduced or the launch mass increased.
Increasing launch mass is restricted by
the capability of the launch vehicle be-
ing used and so often focus lies on
constraining, or minimising, the speed

change needed to execute the mission.
Therefore there is considerable interest in finding optimal

transfers from launch to the mission target, that minimise the ∆V
and the consequent propellant usage. To achieve this goal a num-
ber of building blocks are needed and are described in the follow-
ing sections.

Simulation of interplanetary space flight

The motion of a spacecraft flying on an interplanetary mission
is influenced by several forces. These are primarily gravitational
and for most of the mission the Sun’s influence is dominant. Ap-
proaching the planets the local gravitational fields can dominate.

The solution of the two-body problem (spacecraft and a single
gravity source) is well known and described analytically by Kep-
lerian orbital motion. However the introduction of further gravity
sources results in the need for alternative means to precisely pre-
dict the motion. The ordinary differential equation built from a
Newtonian description of gravity can only be solved precisely by
numerical integration methods.

JUICE will study Jupiter and its icy moons. 
Image credit: Airbus DS
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The equations of motion for the spacecraft with respect to the
Sun are the following:

d2r
dt2

=
Force

mass
− µ

r3
r −

i=N∑
i=1

[
µpi

r3pi
rpi −

µpi

r3relpi
rrelpi

]
,

where r is the spacecraft acceleration with respect to the Sun,
rpi is the ith planet position with respect to the Sun, rrelpi is the
spacecraft position with respect to planet i, µ is the Sun’s gravi-
tational constant and µpi is the ith planet’s gravitational constant.
Force is the vector of non-gravitational forces acting on the space-
craft.

The above terms with rpi are to account for the acceleration
of the Sun caused by the corresponding planet’s gravity field.

Building blocks of interplanetary transfers

Although the precise interplanetary motion cannot be described
analytically, key aspects of the transfer can be approximated and
are amenable to a much simplified analysis. These simplifications
are often employed in the preliminary design of interplanetary
transfers.

Lambert’s problem

An important problem in interplanetary mission design is to find
a trajectory that leaves one planet, at a certain absolute date, or
‘epoch’, and arrives at a second planet at a later epoch. These
departure and arrival epochs may be chosen freely, but have large
implications for the ∆V required to implement the transfer.

This is Lambert’s problem, which is stated as: given an ini-
tial and a final position, together with a time of flight; determine
the connecting orbit. Figure 1 illustrates this. A closed orbit is
assumed to link the initial position at planet 1 to the final posi-
tion at planet 2, where r1 is the radial distance in the spacecraft’s
orbit when leaving planet 1 and r2 is the radial distance in the
spacecraft’s orbit when arriving at planet 2.

The solution of this problem demonstrates that the time of
flight between these two positions depends upon three quantities,
all defined in Figure 1.

These are:

• The semi-major axis of the connecting ellipse, a
• The chord length, c
• The sum of the position radii from the focus or the con-

necting ellipse.

Figure 1: Illustration of Lambert’s problem.

The length of the chord connecting the two positions is given
by:

c2 = r21 + r22 − 2r1r2 cos θ.

The semi-perimeter of the connecting triangle between the focus
and the two points is the following:

s =
r1 + r2 + c

2
.

Intermediate variables, α and β are introduced.

sin2
α

2
=

s

2a
and sin2

β

2
=

s− c

2a
.

With these definitions the following expression can be obtained:

(t2 − t1) =

√
a3

µ
((α− sinα)− (β − sinβ)).

This equation is then solved for the semi-major axis, a. An iter-
ative procedure is needed. Convergence is made more robust via
application of specialised methods.

Having found the semi-major axis further details of the trans-
fer orbit are obtained from Keplerian orbit properties. By com-
parison of the velocities in the transfer orbit and in the planet
orbits at the departure and arrival locations, the speed change
needed by the spacecraft can be found. These heliocentric speed
changes are actually a close approximation to the ‘Vinfinities’ or
excess hyperbolic speeds (V∞) of a hyperbolic orbit around the
planet. When leaving Earth the spacecraft must reach the required
hyperbolic orbit by application of a large speed increment close
to its Earth orbit perigee. This can be supplied by the launcher or
the spacecraft itself. Similarly, the spacecraft reaches the target
planet in a hyperbolic orbit with a Vinfinity defined by the helio-
centric transfer. A retro-manoeuvre is then applied on reaching
the pericentre of the hyperbolic orbit. Figure 2 shows the speed
change contours for a transfer from Earth to Mars obtained by
solution of Lambert’s problem for a range of departure dates at
Earth and transfer durations, which define the arrival date at Mars.

Figure 2: Speed change contours for an Earth to Mars transfer
obtained from Lambert’s method (departure/arrival V∞ totals).
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This remarkably powerful method allows the generation of
surveys of a wide range of interplanetary transfer options span-
ning many launch dates. Repeated solution of Lambert’s prob-
lem over such a grid only requires seconds of computer time on
a modern PC.

Two limitations exist to this method:

• Only planet to planet transfers are assessed.
• No manoeuvres between planets are included.

These limitations will be discussed in the following sections.

Gravity assists

In many transfers, particularly to enable reaching more distant
planets, additional tools are needed. The major mission enabler
in such transfers is known as the gravity assist, sometimes called
a slingshot.

The interplanetary trajectory of the spacecraft can result in an
orbit that crosses that of an intermediate planet. The process of
a gravity assist involves the gravitational deflection of the space-
craft velocity between approaching and departing such a planet.
The relative speed on approaching the planet approximates the ex-
cess hyperbolic speed V∞ of a hyperbolic orbit. The spacecraft
then passes through the pericentre of the hyperbola and departs
in a new direction, when viewed in a planet-centred frame of ref-
erence. The deflection angle is the difference in the asymptotic
approach and departures.

On leaving the planet’s gravitational influence, the resulting
velocity relative to the Sun has been modified by the change in di-
rection relative to the planet. This effect can be approximated by
the construction of two velocity vector triangles, where the total
velocity relative to the Sun is the planet’s relative velocity plus the
planet’s velocity. Figure 3 shows the velocity vector geometry.

Figure 3: Example of velocity change as a spacecraft’s rela-
tive velocity is deflected by an angle α during its hyperbolic orbit
about a planet. The two velocity vector triangles illustrate the sit-
uation approaching (lower) and leaving the planet (upper). Only
the asymptotic arrival and departure velocity vectors of the planet
relative orbit are illustrated. In this example velocity and hence
energy is reduced.

This change in velocity relative to the Sun means that the
spacecraft’s Sun-relative orbital energy is modified. It can ei-
ther be increased or decreased, depending on which side of the
planet pericentre is targeted. Had such an orbit change been im-
plemented by propulsion the ∆V required could be thousands of
metres per second. More massive planets provide greater deflec-
tion and therefore the possibility of more ‘free’ ∆V .

This change in orbit can be used to advantageously modify the
transfer. No propulsive manoeuvre from the spacecraft is needed
to achieve such an effect. This is the principle of the gravity as-
sist. Good examples are the NASA Voyager 1 and 2 missions,
using multiple gravity assists in the outer Solar system to boost
their energy and escape from the Solar system. ESA’s Rosetta
spacecraft was able to perform a rendezvous with a comet, after
performing a gravity assist at Mars and three at Earth during its
transfer.

Transfer optimisation

An interplanetary mission is built up of the previously described
elements: planet to planet arcs, deep space manoeuvers and grav-
ity assist. Minimum ∆V solutions are sought to limit propellant
usage and so ensure feasible spacecraft total mass.

A multi-step procedure can be used whereby once a target has
been selected, a mission can be automatically designed such that
the spacecraft-applied speed change, i.e. ∆V , or propellant need
is minimised.

The steps are:

• Identification of possible routes
• Preliminary optimisation
• Refined optimisation

When a target is specified, a series of possible routes can be
considered. A route is principally defined as the sequence of plan-
ets used for gravity assist. A minimum ∆V solution will exist for
each route.

Both global and local optima in the transfer are of interest.
A local optimum can be identified for each route and the global
optimum utilises the most efficient route. In many cases similar
∆V s may be found for a range of different routes. In addition to
propellant usage, route variations can have a significant effect on
the environment of the spacecraft during the transfer, for exam-
ple, minimum and maximum distances from the Sun, maximum
distance from Earth. Preliminary optimisation can be achieved by
search methods utilising evaluation of transfer ‘grids’ via applica-
tion of Lambert’s problem and approximation of gravity assists,
or by application of global optimisation methods utilising similar
approximations in the transfer. Genetic algorithms are often suc-
cessfully used in the global optimisation phase because the num-
ber of optimisable variables is relatively small in the preliminary
formulation.

Local optimisation

Having obtained preliminary solutions the transfer can now be
modelled in greater detail using numerical integration methods.
Local optimisation is now used to obtain the details needed for
the spacecraft manoeuvres and ultimately the propellant needs.

The mathematical problem for local optimisation can be ex-
pressed as: minimise an objective function J , typically propellant
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usage, with respect to a set of control parameters, u. The transfer
is subject to both equality and inequality constraints.

Examples of equality constraints are departure/arrival con-
straints. Path constraints could, for example, be restrictions on
thrust vector pointing.

An objective that often occurs in the context of interplanetary
missions is the minimisation of propellant mass via maximisation
of spacecraft mass at the end of the transfer. This can be obtained
by numerical integration of the propellant mass flow as:

J =

∫ tf

t0

ṁ(X,u, t) dt.

The propellant mass flow will generally depend upon thrust
and specific impulse. Thrust may have a positional dependence
and is controlled in magnitude by the throttle that is applied.

X is the state vector (i.e. position, velocity, mass), u is the
optimisable control vector, which will be manoeuvre details and
event times, tf is the time at which the trajectory terminates and
t0 is the time at which the trajectory starts.

The state vector is obtained by integrating the state vector
rates, i.e.:

X = X(t0)+

∫ tf

t0

Ẋ(X,u, t) dt.

A range of methods are available to solve this optimisation
problem. The control parameters can include terms that are con-
tinuously variable in time such as thrust steering angles. In this
context the application of Pontryagin’s maximum principle al-
lows solution via derivation of a set of adjoint differential equa-
tions. A two-point boundary value problem is obtained whose
solution will yield the time dependence of the control elements.
This method whilst mathematically elegant can be subject to nu-
merical difficulties in convergence for many real world problems.

Therefore alternatives can be employed that involve parame-
terisation of the continuously variable control elements. A finite
set of optimisable parameters then define the time dependence.
These are so-called ‘direct’ optimisation methods and numerous
versions are possible, distinguished by the methods of parameter-
isation and also the representation of the trajectory. For example
the trajectory can be split into a number of segments that need
to be linked by equality constraints in an expanded optimisation
problem. The number of control parameters and constraints is in-
creased but rates of convergence are often substantially improved.

Solutions are obtained by a non-linear programming (NLP)
algorithm; an iterative procedure utilising the gradients of states,
constraints and objective with respect to the control parameters.

Gradient evaluation

The Jacobian, i.e. the matrix of constraint gradients, is obtained
from an extended state transition matrix, which is the matrix of
partial derivatives of states at a defined time with respect to ini-
tial state values and control parameters. This matrix can be ob-
tained either by numerical differencing or by variational methods,
the latter offering the possibility of improved computational ef-
ficiency. Variational methods allow the matrix elements, i.e. the
partial derivatives of state with respect to parameter, to be ob-
tained by numerical integration:

∂Xi(t)

∂uj
=

∫ t

t0

∂Ẋi

∂uj
(X,u, t) dt+

∂tf
∂ui

Ẋi(tf )−
∂t0
∂ui

Ẋi(t0),

where ∂Xi/∂uj is the partial derivative of the instantaneous
value of the ith state element with respect to the jth control pa-
rameter and ∂Ẋi/∂uj is the partial derivative of the time deriva-
tive of the instantaneous value of the ith state element with re-
spect to the jth control parameter. Variational methods require
greater analytical derivation than differencing methods. Alterna-
tively automatic differentiation functions can be utilised.

The total number of optimisable parameters depends on the
problem under consideration and the type of propulsion system.
Low-thrust systems requiring long-term application over the tra-
jectory require greater numbers of parameters for their represen-
tation. Numbers can range from hundreds to millions.

Non-linear programming

When the gradients of all states, constraints and the objective
function are available, an increment in the control parameters can
be calculated, by using an NLP algorithm, to approach the opti-
mum solution.

The form of algorithm that is most applicable is dependent
on the information available. In complex trajectory optimisation
problems, it is likely that only first-order gradient information
is available about the objective and constraints. This is due to
the computational overhead in obtaining higher order derivatives,
but depends on the detail of the optimisation method employed.
However, good performance is available using only first-order
gradient information.

Many NLP methods have been developed and this is a spe-
cialised subject with application to many fields of optimisation.
An illustration of a relatively simple, but robust method is out-
lined in the following paragraphs, to illustrate some of the princi-
ples and considerations in using such algorithms. This algorithm
has in fact been applied to the design of many space missions with
a wide variety of applications. It has been used both in the early
mission design phase and also in detailed manoeuvre design and
planning.

The gradient projection method developed by Rosen uses a
constrained steepest descent approach. It can be applied to a wide
range of problems. The problem is to find the optimisable control
parameters, u, required to meet the final state constraint vector
condition: C = 0 and maximise or minimise the objective, J .

Given an initial estimate for u, the constraint vector C will
not equal zero, but be equal to an error, E. An augmented ob-
jective can be defined by adjoining the constraint vector to the
objective:

J∗ = J + λT •C,

where λ is a vector of undetermined Lagrange multipliers.
J∗ can be improved by making a step ∆U be in the direction

of the gradient vector, i.e.

∆U = k
(
g +

[
λTAT

]T)
,

where k is a constant and g is the gradient vector of J with respect
to the control parameters. Similarly A is the gradient matrix of
the constraint vector C.

If an error exists in the constraint vector, i.e. C = E, then
we can also require that the step in u is such that it changes the
constraint vector accordingly: ∆C = −E.
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The Lagrange multipliers are then found from the following
expression:

λ =
[
ATA

]−1
(
−E

k
−ATg

)
.

Therefore, λ is obtained that both reduces J∗ and removes the
error, E. However, reduction in J∗ in the presence of an error E
does not guarantee reduction in J , but will do so if all constraints
are satisfied:

∆J = gT • k
(
g +A

[
ATA

]−1
(
−E

k
−ATg

))
.

In general the size of the step in u will be restricted to avoid
excess non-linear effects after each iteration of the NLP algo-
rithm. The influence of the constant k is such that at each step,
very small values result in constraint errors being significantly
reduced and large values result in little change in the errors but
greater changes in the objective.

Mission to Jupiter

A direct transfer to Jupiter from Earth results in large∆V require-
ments on the spacecraft and launcher. However, optimisation of
a transfer utilising gravity assist and deep space manoeuvres can
reduce the total ∆V requirements on the spacecraft, whilst still
maintaining an acceptable total transfer time.

Figure 4: Example of a mission to Jupiter using Venus and two
Earth gravity assists en route.

A particularly efficient sequence of gravity assists involves a
single Venus gravity assist followed by two Earth gravity assists.
This route was used by the Galileo probe.

A transfer firstly from Earth to Venus allows a relatively low-
speed Earth escape. The gravity assist that occurs on reaching
Venus allows a return to Earth with a much increased V∞. This
higher speed allows an Earth gravity assist to be carried out that
significantly amplifies the heliocentric orbital energy. The space-
craft can now enter an elliptical heliocentric orbit with a period
of approximately 2 years. The spacecraft returns to Earth 2 years
later and a further gravity assist takes place that further raises the
spacecraft orbital energy. Jupiter can now be reached near the
apocentre of the resulting elliptical orbit.

The total transfer time using this sequence is approximately
6 years. The nature of this particular transfer is such that only
small deep space manoeuvres are required. The excess hyper-
bolic speed leaving Earth is low, at approximately 3 km/s. This
is typical of the speed needed for a direct transfer to Venus. This
speed can be compared to a speed of typically 8 km/s for the most
efficient direct Earth to Jupiter transfer. However the direct trans-
fer takes typically 2.5 years, so a trade-off is observed between
propellant requirements and mission duration. The full set of lo-
cally optimum solutions constitutes a Pareto optimal set that fur-
ther informs such trade-offs. Figure 4 shows a solution of the in-
terplanetary transfer optimisation problem to Jupiter using three
gravity assists.

Conclusions and outlook

The design of interplanetary transfers involves a rich variety of
mathematical methods. Some are associated with the historical
developments of astrodynamics and were first formulated hun-
dreds of years ago. Others are associated with contemporary
methods in optimisation.

As ever more demanding goals are set for these missions, the
means of implementing them also evolves. Often such missions
use chemical rocket engine technology for spacecraft manoeu-
vres. However the advent of electric propulsion technology of-
fers the possibility to meet more challenging targets. This tech-
nology, using accelerated ion emission, achieves greater propel-
lant speeds and so offers the possibility of imparting greater im-
pulse to the spacecraft. However the thrust achievable is much
lower than that obtained from chemical rockets, so deep space
manoeuvres can each last for several months. In 2018 ESA’s
BepiColombo mission will head for Mercury, using large deep
space manoeuvres supplied by electric propulsion.

The drive towards manned exploration of the Solar system
will also present a new, unique set of mission design problems,
with the emphasis on both shorter duration, accelerated trans-
fers for the manned flights and on efficient, slower ‘highways’
for cargo transportation.

As more efficient, yet complex means are devised to impart
momentum to a spacecraft and new targets are considered, the
complexity of the associated mission design problems also in-
creases. The field of interplanetary mission design is constantly
evolving and will offer many new challenges to mathematicians
and space scientists in the coming years.

Further reading

For more on interplanetary mission design see, for ex-
ample, http://sci.esa.int/juice/ and http://sci.esa.
int/bepicolombo/. For an overview of Lambert’s problem see
pages 276–343 of [1], and for general methods of optimisation
and NLP see [2, 3].
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