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Abstract

In this paper we present a stochastic variational integrator and its linearization. In order to
motivate the use of the proposed variational integrator the Stochastic Differential Dynamical
Programming (S-DDP) algorithm is considered as a benchmark for comparison. Specifically,
we are interested in investigating if it is advantageous to utilize the variational integrator to
propagate system trajectories and linearize system dynamics. Through numerical experiments we
show that the Stochastic Differential Dynamical Programming algorithm becomes less dependent
on the discretization time step and more predictable when it utilizes the proposed integrator.
Furthermore, we show that a significant reduction in computational time can be achieved without
sacrificing algorithm performance. Therefore, the proposed variational integrator can be used to
enable real-time implementation of nonlinear optimal control algorithms.

1. Stochastic Variational Integrators and Structured Linearization
This section presents a stochastic variational integrator used to obtain accurate discretized trajec-
tories of stochastic dynamical Hamiltonian systems represented as

d
∂L(q, q̇)

∂q̇
=
∂L(q, q̇)

∂q
dt+ F0(q, q̇, u)dt+

p∑
i=1

Fi(q, u) s dωi, q(0) = q0, q̇(0) = q̇0, (1.1)

where L(q, q̇) is the mechanical system’s Lagrangian given as the difference between the sys-
tem’s kinetic energy, T (q, q̇), and potential energy, V (q), such that L(q, q̇) = T (q, q̇) − V (q),
q is the state configuration vector, q̇ is the time derivative of the state configuration vector,
dωi, i = 1, . . . ,m are Brownian noises, Fi(q, u), i = 1, . . . ,m are the diffusion vector fields,
F0(q, q̇, u) is the forcing function representing deterministic non-conservative external forces,
and s indicates the stochastic integral is evaluated in the Stratonovich sense Kloeden & Platen
(1992). Note equation (1.1) provides the fundamental characteristics of a dynamical system

and describes how the system configuration vector propagates through time. However, it does
not provide any method or algorithm that can be used to solve for the trajectory of the system.
Simply using numerical integration schemes developed for general second order stochastic dif-
ferential equations will result in numerical errors since the system’s fundamental characteristics
are ignored.

A variational integrator computes a discretized trajectory q = {q0, . . . , qN} that approximates
the systems trajectory q(t) such that qk ≈ q(tk), where t0 = 0, tN = tf and tk+1 − tk = ∆t.
The derivation of variational integrators relies on the discretization of the classical Hamilton’s
variational principle and, in forced systems, the Lagrange-d’Alembert principle. As a result, vari-
ational integrators are able to ensure (or strongly enforce) the conservation of fundamental quan-
tities such as momentum and energy Marsden & West (2001). Furthermore, since the derivation
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begins with the classical Hamilton’s variational principle the dynamical system’s fundamental
characteristics are implicitly considered. A complete and rigorous treatment of variational inte-
grators was done by Hairer et. al. (2004) and Marsden & West (2001). The presented represen-
tation of a stochastic Hamiltonian system and a derivation of a variation integrator was presented
by Bou-Rabee et. al. (2008). Stochastic variational integrators have been investigated in the con-
text of electrical circuits by Ober-Blöbaum et. al. (2013), multi-scale mechanical systems by Tao
et. al. (2010), and Bou-Rabee & Owhadi (2008) studies their long-run accuracy. Scalable vari-
ational integrators were implemented to generic mechanical systems in generalized coordinates
by Johnson & Murphey (2009). First- and second-order linearizations of a deterministic varia-
tional integrator was formulated by Johnson et. al. (2015). The presented stochastic variational
integrator and its first-order linearization are based on the deterministic variational integrator and
its linearization reported in Johnson & Murphey (2009) and Johnson et. al. (2015).

1.1. Stochastic Variational Integrators

To being our review, the discrete Lagrangian, Ld(qk, qk+1), is introduced to obtain an approxi-
mation of the action integral over a short interval, Ld(qk, qk+1) ≈

∫ tk+1

tk
L(q(s), q̇(s)) ds. We

use the generalized midpoint approximation to formulate Ld as Ld(qk, qk+1) = L
(
(1− α)qk +

αqk+1,
qk+1−qk

∆t

)
∆t, where α ∈ [0, 1] and α = 1/2 results in second order accuracy as dis-

cussed in West (2004). Left and right discrete forces, F−d (qk, qk+1, uk) and F+
d (qk, qk+1, uk),

approximate the non-conservative forces as∫ tk+1

tk

F0(q(s), q̇(s), u(s)) · δq ds ≈ F−0,d/2 · δqk + F+
0,d/2 · δqk+1, (1.2)

and the Stratonovich integral used to represent the stochastic effects is converted to its equivalent
Itō’s representation (see Kloeden & Platen (1992)) and then approximated as∫ tk+1

tk

Fi(q, q̇, u) · δq s dωi =
1

2

∫ tk+1

tk

F ′i (q, q̇, u)Fi(q, q̇, u) · δqdt+

∫ tk+1

tk

Fi(q, u) · δqdωi

≈ F ′−i,dF−i,d/4 · δqk + F ′
+
i,dF

+
i,d/4 · δqk+1 + F s

i,d∆ωik · δqk, (1.3)

where F±0,d, F±i,d, and F ′
±
i,d are evaluated according to G±d (qk, qk+1, uk) = G

(
(1 − α)qk +

αqk+1,
qk+1−qk

∆t , uk
)
∆t, F s

i,d(qk, ·, uk) = Fi

(
qk, uk

)
(second argument purposely left blank for

consistency with other terms), uk = u(tk), and ∆ωik = ωi(tk+1) − ωi(tk) ∼ N (0,∆t). The
discrete form of the Lagrange-d’Alembert principle can be used to relate the derived approxima-
tions as

δ
N−1∑
k=0

Lk+1 +
1

2

N−1∑
k=0

(
F−k+1 · δqk + F+

k+1 · δqk+1

)
+

N−1∑
k=0

F s
k+1∆ωk · δqk = 0, (1.4)

where F±k = F±0,d(qk−1, qk, uk−1) +
∑p

i=1 F
′±
i,d(qk−1, qk, uk−1)F±i,d(qk−1, qk, uk−1)/2, F s

k =

[F s
1,d(qk−1, ·, uk), . . . , F s

p,d(qk−1, ·, uk)], Lk = Ld(qk−1, qk), and ∆ωk = [∆ω1,k, . . . ,∆ωp,k]T.
Solving equation (1.4) leads to a forced Discrete Euler-Lagrange (DEL) equation†

D2Lk +D1Lk+1 + F+
k + F−k+1 + F s

k+1∆ωik = 0. (1.5)

The integrator equation can now be defined as

f(qk+1) = pk +D1Lk+1 + F−k+1 + F s
k+1∆ωik , (1.6)

† We write DiG(Y1, Y2, . . . ) for the derivative of a function with respect to its ith argument.
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where, for computation convenience, pk = D2Lk + F+
k . Note that pk does not depend on qk+1

and, in the unforced case, pk is the generalized momentum quantity conserved by the integrator
as discussed in Johnson & Murphey (2009). Furthermore, the derivative of (1.6) with respect to
qk+1 isDf(qk+1) = D2D1Lk+1+D2F

−
k+1. The integrator equation (1.6) is an implicit one-step

mapping (qk, pk, uk,∆ωk) → (qk+1, pk+1) and is solved using Algorithm 1 as shown in John-
son & Murphey (2009). The selection of εtol not only determines the accuracy of the variational
integrator, but also the computational time in implementation. Note that if q0 and q1 are known
then qk, k ≥ 1 can be obtained by utilizing the presented integrator. The presented variational
integrator is utilized by the Stochastic Differential Dynamical Programming algorithm to prop-
agate the expected trajectory of the system (i.e. ∆ωik = 0). Though stochastic effects are not
considered when propagating the system configuration the linearization utilized by the algorithm
requires a stochastic representation.

Algorithm 1 Simple Root Finder

while |f(qk+1)| > εtol do
qk+1 ← qk+1 −Df−1(qk+1) · f(qk+1)

end while

1.2. Stochastic Structured Linearization

In this section the derived forced DEL equation (1.5) is used to obtain a first-order linearization
of the discrete dynamics. The linearization of the system is utilized by the Stochastic Differential
Dynamical Programming algorithm as shown in Algorithm 2. To begin, the linearization is given
in the following form †[

δqk+1

δpk+1

]
=

[
∂qk+1

∂qk

∂qk+1

∂pk
∂pk+1

∂qk

∂pk+1

∂pk

][
δqk
δpk

]
+

[
∂qk+1

∂uk
∂pk+1

∂uk

]
δuk +

[
∂qk+1

∂∆ωk
∂pk+1

∂∆ωk

]
∆ωk. (1.7)

To begin the forced DEL equation is represented in its equivalent position-momentum form (see
Johnson et. al. (2015) for further details)

pk +D1Lk+1 + F−k+1 + F s
k+1∆ωk = 0, (1.8)

pk+1 = D2Lk+1 + F+
k+1. (1.9)

Implicitly differentiating equation (1.8) with respect to qk yields

∂

∂qk
[pk +D1Lk+1 + F−k+1 + F s

k+1∆ωik = 0]→

0 +D1D1Lk+1 +D2D1Lk+1
∂qk+1

∂qk
+D1F

−
k+1 +D2F

−
k+1

∂qk+1

∂qk
+D1F

s
k+1∆ωik = 0

∂qk+1

∂qk
= −M−1

k+1[D1D1Lk+1 +D1F
−
k+1 +D1F

s
k+1∆ωik ] (1.10)

where Mk+1 = D2D1Lk+1 +D2F
−
k+1, is assumed to be non-singular at qk, pk, and uk. Repeat-

ing this procedure yields

∂qk+1

∂pk
= −M−1

k+1,
∂qk+1

∂uk
= −M−1

k+1[D3F
−
k+1 +D3F

s
k+1∆ωik ],

∂qk+1

∂∆ωk
= −M−1

k+1F
s
k+1.

† As discussed in Johnson & Murphey (2009), the one-step mapping (1.6) im-
plicitly defines a function g(xk, uk,∆ωk) such that xk+1 = g(xk, uk,∆ωk)
where xk+1 = [pT

k+1, q
T
k+1]T. The linearization is equivalently defined as

δxk+1 = ∇xkg(xk, uk,∆ωk)δxk + ∇ukg(xk, uk,∆ωk)δuk + ∇∆ωg(xk, uk,∆ωk)∆ωk.
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The remaining derivatives can be found by explicitly differentiating (1.9) such that
∂pk+1

∂qk
= Nk+1

∂qk+1

∂qk
+D1D2Lk+1 +D1F

+
k+1,

∂pk+1

∂pk
= Nk+1

∂qk+1

∂pk
,

∂pk+1

∂uk
= Nk+1

∂qk+1

∂uk
+D3F

+
k+1,

∂pk+1

∂∆ωk
= Nk+1

∂qk+1

∂∆ωk
,

where Nk+1 = D2D2Lk+1 +D2F
+
k+1. Note that qk+1 is needed in order to evaluate the deriva-

tives and can by found by solving (1.6). Furthermore, note that, in general, the partial deriva-
tives with respect to qk and uk are stochastic. However, these derivatives are affine in ∆ωk

(A + B∆ωk where A and B are deterministic). Therefore, the expectation of the linearization
of the discrete dynamics (1.7) can be found. It should be noted that F s

k+1 was formulated such
that it did not depend on qk+1. This was possible since the Stratonovich integral was converted
to its equivalent Itō’s representation. Note that by invoking this equivalence, we replace an ex-
plicit dependence of qk+1 with a projection of stochastic effects on the system, captured by the
term 1

2

∫ tk+1

tk
F ′iFi · δq dt. As a result, Mk+1 is not stochastic and, therefore, ratios of stochastic

quantities are avoided (e.g. ∂qk+1

∂qk
= −M−1

k+1[D1D1Lk+1 + D1F
−
k+1 + D1F

s
k+1∆ωk]). There-

fore, the expectation and central moments of the linearization are well-defined and computed
easily. Note that the change in the representation avoids ratios of stochastic quantities, but this
is not to say that using a Stratonovich representation in this case is ill-posed. Conversion be-
tween a Stratonovich and a Itō representation (or another representation) is often done when one
definition is more convenient.

2. Stochastic Differential Dynamical Programming
The Stochastic Differential Dynamical Programming (S-DDP) algorithm published in Theodorou
et. al. (2010) in its more general form numerically solves nonlinear stochastic optimal control
problems using first and second order expansions of stochastic dynamics and cost along nom-
inal trajectories. It is based on the classic Differential Dynamical Programming algorithm, but
considers stochastic dynamical systems of the form dx = f(x, u)dt + F (x, u) s dω where
x is the system state, u is the control input, and dω is Brownian noise. The S-DDP algorithm
considers a cost parameterized as v(x, u, t) = E[

∫ tf
t0
l(x(τ), u(τ), τ)dτ + h(x(tgf))] where

h(·) is the terminal cost and l(·) is the running cost. Note that the cost is an expectation since
the underlining system dynamics are stochastic. Due to space limitations a formal derivation of
the S-DDP algorithm cannot be given. However, the essence of the algorithm lies in finding the
local variation in control δu that minimizes the given cost. First, given an initial discrete control
input u(t) the discretized expected trajectory of the system is found. Then, the cost-to-go func-
tion and system dynamics are linearized along the trajectory. An approximation of the cost-to-go
function is found through back-propagation. The approximated function is used to find δu, δx
(optimal state deviation), and an optimal feedback gain. The discrete control input is updated
as unew(t) = uold(t) + γδu(t) and the process can then be repeated. In this paper γ is found
through an Armijo line search (see Kelley (1999) for further details) and the algorithm is termi-
nated when consecutive final costs differ by less then a defined amount. It should be noted that
the algorithm relies heavily on the accuracy of the propagation of the expected trajectory of the
system and the linearization of the system dynamics. The process is outline in Algorithm 2 .

3. Numerical Experiments
In this section we demonstrate the benefits of using the proposed stochastic variational integra-
tor and its linearization when implementing the S-DDP algorithm. We consider an experiment
involving the control of a dynamical system representing a human finger (3-link planar manipu-
lator) (see Li & Valero-Cuevas (2009) for system model and parameters) . It is shown that the
solution of the S-DDP algorithm when utilizing the variational integrator is far less dependent on
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Algorithm 2 Outline of S-DDP with Armijio Line Search

Require:
Initial discrete control input u(t), Algorithm parameters α, β, ε
Cost function v(x, u, t), Stochastic dynamics dx = f(x, u)dt+ F (x, u)dω
while Cost updates results in more than ε in difference do

Find discretized expected trajectory
Linearize the value function and system dynamics along the trajectory
Approximate the value function through back-propagation and compute δu and δx
while Costp > Cost + αβ(δxT∇xv(x, u, t) + δuT∇uv(x, u, t)) do

Find the proposed input up ← u+ βjδu and corresponding trajectory, xp
Find proposed cost Costp ← v(xp, up, t) and update j ← j + 1 if needed

end while
Update the control, trajectory and Cost u← up, x← xp,Cost← Costp

end while

the discretization step size than when the Euler method is used †. The lack of dependence allows
the algorithm to obtain a solution utilizing a relatively large step size that approximates a solution
acquired utilizing a small step size. As a result, the computational time of the algorithm can be
significantly reduced without degrading its performance. As shown in Figure 1a the dynamical
system is described by three coordinates given by the relative angles between adjacent links,
θ(t) = [θ1(t), θ2(t), θ3(t)], and three control inputs, u(t) = [u1(t), u2(t), u3(t)]. Figures 1b and
1c show a comparison between the propagation of θ1(t) using the Euler method and the presented
variational integrator with two different step sizes subject to initial conditions θ(t0) = [π/2, 0, 0]
and θ̇(t0) = [0, 0, 1], u(t) = 0, and εtol = 1 × 10−12 (when the variational integrator was
used). Note that the accuracy of the Euler method is degraded when the discretization step size
is increased while the variational integrator is negligibly affected.

For all cases considered the reference tracking based cost function is J(t) =
∫ tf
t0

[10(θ(τ) −
θt(τ))2 +0.1u(τ)2]dτ+(θ(tf )−θt(tf ))2, where θt(t) = [1+0.25 sin(4πt), 0.1 sin(2πt), 0] and
tf − t0 = 1.5. Algorithm 2 parameters were set to ε = 1× 10−4, α = 1× 10−8, and β = 0.25.

In order to examine the performance of the variational integrator in a variety of situations
three cases were considered: white noise, control-dependent noise, and state-dependent noise. In
the first case, Fi(q, q̇, u) = Cei, i = {1, 2, 3}, C = 5 × 10−5 ‡. As discussed by Theodorou
et. al. (2010) if the additive noise is neither state nor control dependent the S-DDP algorithm is
equivalent to the classic DDP solution. Figures 2a and 2b display the calculated optimal solutions
using the Euler method and the variational integrator with two different step sizes. It is concluded
that the Euler method is far more dependent on the discretization step size. Figure 2c shows the
optimized cost as a function of the running computational time of the S-DDP algorithm. Note that
when the variational integrator is used the required computational time can be drastically reduced
without significantly changing the optimized cost. Table 1 and Figure 5a show that the optimized
cost increases more rapidly as the discretization time step is increased when the Euler method is
used. Additionally, the number of algorithm iterations is more predictable when the variational
integrator is used. Depending on the allowable deviation from the true optimal solution (assuming
it is obtained when ∆t = 0.0001) the required computational time can be drastically reduced by
utilizing a larger step size when the variational integrator is used. Finally, it should be noted that
the growth of the optimized cost when the variational integrator is used is cause, in part, by the

† Given a stochastic differential equation dx = f(x, u)dt +
∑p Fi(x, u)dωi the resulting integration

equation using the Euler method is xk+1 = xk +f(xk, uk)∆t+
∑p Fi(xk, uk)∆ωik and its linearization

is δxk+1 = (I+∇xkf+
∑p ∇xkFi∆ωik)δxk +(∇ukf+

∑p ∇ukFi∆ωik)δuk +
∑p Fi(xk, uk)∆ωik.

‡ The standard basis is used to define vectors ei, i ∈ {1, 2, 3} (e.g. e1 = [1, 0, 0]T).
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Figure 1: (a): Diagram of the studied dynamical system. (b) and (c): Propagation of the θ1(t)
with initial condition θ(t0) = [π/2, 0, 0] and θ̇(t0) = [0, 0, 1] subjected to input u(t) = 0.
Dotted lines indicate a step size of ∆t = 1× 10−4 while solid lines indicate ∆t = 2× 10−2.

reduction of the controller’s bandwidth. However, how much of the growth can be attributed to
the change in the controller’s bandwidth and not other effects (integrator accuracy, numerical
precision, etc.) is an area of future research.

The next case considers control-dependent noise where Fi(q, q̇, u) = Ceiu
2
i (t), i = {1, 2, 3},

C = 5 × 10−4. As shown in the first case, Figures 3a and 3b show that the optimized solution
obtained utilizing the Euler method is far more dependent on the discretization step size. Further-
more, note that since ∆ωik ∼ N (0,

√
∆t) the perceived amount of noise at discretization points

increases with ∆t. Therefore, as shown in 3c the optimal control input will be dependent on the
time step since it is advantageous to reduced the amount of induced noise. As a result, the opti-
mized cost should increase as the time step increases. However, how much of the growth can be
attributed to increases in noise and not other effects already discussed is unknown. Nevertheless,
as shown in Figure 5b the growth in the cost is far greater when the Euler method is used.

State-dependent noise is considered in the final case, Fi(q, q̇, u) = C(θi(t) − θi(t0))2, i =
{1, 2, 3}, C = 5 × 10−4. Figures 3a and 3b display the calculated optimal solutions using the
Euler method and the variational integrator with two different step sizes. Note both methods are
strongly dependent on the discretization step size. As in case 2, the perceived amount of noise
at discretization points increases with ∆t. In this case, it is advantageous to keep the system
near the initial equilibrium state. Therefore, a trade-off between the tracking performance and
the amount of induce noise occurs. As illustrated in Figure 4, the optimized state trajectory is
dependent on the step size. However, as shown in Table 1 the growth in the optimized cost is far
greater when the Euler method is used.

4. Conclusion
In this paper we proposed a stochastic variational integrator and its linearization. The Stochastic
Differential Dynamical Programming algorithm was used to compare the performance of the
variational integrator to that of the standard Euler method. We demonstrated that the S-DDP
algorithm was far less dependent on the discretization time step when the variational integrator
was used to propagate system trajectories and linearize system dynamics. Therefore, a significant
reduction in computational time can be achieved without sacrificing algorithm performance. We
stress that these benefits are not limited to S-DDP and similar improvements can be expected to
any process that utilizes propagated system trajectories or linearized system dynamics.
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Figure 2: (a) and (b): Tracking error of the system states in Case 1. (c): Optimized cost versus the
running computational time of the S-DDP algorithm (computational time plotted on a logarithmic
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Figure 5: Optimized cost as a function of the discretization time step. Dotted lines indicate the
Euler method was used and solid lines indicate that the variational integrator was used.

∆t 0.0001 0.001 0.002 0.005 0.006 0.007 0.008 0.009 0.01 0.02
White Noise, Euler

CPU Time (sec) 1119.7 107.7 62.0 56.6 112.5 175.4 26.5 240.6 26.4 2.3
Iterations 13 13 14 31 71 130 23 236 31 6

White Noise, VI
CPU Time (sec) 393.5 39.4 19.9 8.5 7.2 6.0 5.3 4.6 4.32 2.4

Iterations 13 13 13 13 13 13 13 13 14 14
Input Dep., Euler

CPU Time (sec) 989.2 98.1 54.1 51.1 100.2 154.4 23.3 224.0 24.8 2.5
Iterations 13 13 14 31 71 131 23 241 31 6

Input Dep., VI
CPU Time (sec) 412.1 38.1 19.1 7.8 6.4 5.3 4.8 4.6 4.2 2.2

Iterations 13 13 13 13 13 13 13 13 14 14
State Dep., Euler
CPU Time (sec) 990.4 104.9 52.8 48.4 86.0 128.0 95.4 64.6 24.3 1.9

Iterations 13 14 14 31 63 107 92 71 28 6
State Dep., VI
CPU Time (sec) 371.3 37.9 20.2 9.3 7.5 6.4 5.9 4.9 4.1 1.1

Iterations 13 13 14 15 15 15 15 15 14 4

Table 1: Summary of Data Collected from Numerical Experiments
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