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Abstract

This paper is devoted to the motion planning problem of nonholonomic robotic systems
whose kinematics are represented by a driftless control system with outputs. The motion
planning problem is defined in terms of the inversion of the end-point map of the system,
that may be accomplished by a Jacobian algorithm. The Lagrangian Jacobian inverse
is introduced and examined, and a corresponding Lagrangian Jacobian motion planning
algorithm is designed. Performance of this algorithm is illustrated by solving a motion
planning problem for the rolling ball.

1. Introduction

It is well known that the kinematics of a nonholonomic robotic system satisfying the
Pfaffian motion constraints can be represented by a driftless control system. In order
to describe the objective of motion planning, this system is equipped with an output
function. In this setting the motion planning problem means finding a control of the
system such that the output at a prescribed time instant reaches a desired point. Stated
in this way, the motion planning problem can be reduced to the inversion of the end-
point map of the control system, and solved using Jacobian inversion algorithms. This
approach in mobile robotics, often called the continuation method approach, was initi-
ated by Sussmann (1992), then developed by several authors, see Chitour & Sussmann
(1992), Divelbiss, Seereeram & Wen (1998), Chitour (2006), and also extended to mobile
manipulators under the name of the endogenous configuration space approach by Tchon
& Jakubiak (2003). In the literature most often the Jacobian pseudoinverse has been
applied, coming from the solution of a constrained energy minimization problem in the
linear approximation of the control system representation of the kinematics.

As a generalization of the Jacobian pseudoinverse, recently we have introduced the
concept of the Lagrangian Jacobian inverse and the Lagrangian Jacobian motion planning
algorithm that results form solving a constrained minimization of the Lagrange-type
objective function Tchon, Géral & Ratajczak (2015). In this paper we examine further
this inverse. Specifically, we begin a study of its singularities, and prove formally its
"trajectory attraction” feature discovered in the mentioned reference. Performance of the
Lagrangian Jacobian motion planning algorithm is demonstrated shortly in the context
of a motion planning of the rolling ball. More numerical examples can be found in Tchon,
Goéral & Ratajczak (2015).

The organization of this paper is the following. Section 2 introduces basic concepts
including the basic control system, the end-point map, the Jacobian, and the Jacobian
inverse. The Lagrangian Jacobian inverse is studied in Section 3. Section 4 presents the
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Lagrangian Jacobian motion planning algorithm. A bound on the distance between initial
and final trajectories and controls in the basic system is provided in Section 5. A sample
of results of numeric computations is shown in Section 6. The paper is concluded with
Section 7. Proofs are collected in Appendix.

2. Basic concepts

We shall study the kinematics of a nonholonomec robotic system represented as a driftless
control system with outputs, of the form

G=G(Qu=>7"1 g9i(q)us
y=k(q) = (k1(q),. ..,k (q)".

The symbols ¢ € R, u € R™, and y € R" denote, respectively, the state variable, the
control vector, and the output vector. The control vector fields g¢;(¢) and the output
component functions k;(g) in (2.1) are assumed of the class C*°. The system inputs
u(-) € X C L2 [0,T] are Lebesgue square integrable functions defined on a time interval
[0,T], such that for any initial state ¢y and any control function u(-) € X, the state
trajectory q(t) = @qo.1(u(-)) exists for every ¢ € [0, T).

For a fixed initial state go and the control horizon T, the system (2.1) transforms
control functions into the system outputs at the time instant 7. This transformation is
described by the end-point map of the system,

Kyr: X — R", suchthat Ky r(u(-)) = k(pgr(u(-))). (2.2)

(2.1)

It has been proved by Sontag (1990) that the end-point map (2.2) is differentiable with
respect to u(-). Its derivative

Jgo,7(u(-))0(-) = D Ko, (ul())o()

will be called the Jacobian of the system (2.1). Given a control function u(-) and the
corresponding trajectory q(t) = @gq,.¢(u(-)), the Jacobian is computed on the basis of the
linear approximation of the system along (u(t), g(t)). Specifically, it has been shown that

T
Joo.r(u())o() = C(T)E(T) = C(T)/0 (T, 1) B(t)v(t)dt. (2:3)

The trajectory
§(t) = Depgo e (u(-))v(-), £(0) =0, (2.4)

comes from a linear control system (the linear approximation to (2.1))

£ = A(t)¢ + B(t)v, .
n(t) = Cb)E,
where £ € R", v € R™, n € R" denote the state, control and output variables, and
oG ok
At) = (qg;)“(t)7 B(t) = G(q(1)), C(t) = qu(t)).

The matrix ®(t, s) solves the evolution equation, % = A(t)®(t, s), for ®(s,s) = I,,.

In terms of the end-point map, the motion planning problem in the system (2.1)
takes the following natural formulation. For a given initial state gg € R™ and a desired
point yq € R", find a control function uq(-) € X such that Ky r(u(-)) = y4. The
motion planning problem is equivalent to the inversion of the end-point map. Using the
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Jacobian approach this problem can be reduced to the inversion of the Jacobian that in
turn consists in solving numerically a Jacobian differential equation. For completeness,
we shall concisely present its derivation. We begin with an arbitrary control function
uo(-) € X. If this function solves the problem, we are done. Otherwise, a smooth curve
ug(-) in X, 6 € R, needs to be chosen, and the error e(f) = K, r(ug(-)) — ya computed.
The curve of control functions should make the error decrease exponentially to zero, what
means that for a positive number ~ there holds

de ()

7 —~e(8). (2.6)

A crucial step is to differentiate the error, that results in a Jacobian differential equation
d’LLg(-)

Jaom (o ()=~ = =7 (Ko r(us () = ya)- (2.7)

After employing a right inverse Jq#; (u(-)) of the Jacobian, (2.7) is transformed into the
functional differential equation

dudge(.) - _ij;,T(UG('))(qu,T(Ue(-)) —Yd) (2.8)

underlying the Jacobian motion planning algorithm. A solution of the motion planning
problem can be computed as the limit ug(t) = limg_, o ug(t) of the trajectory of (2.8).
It follows from (2.7) that in order to define a right inverse of the Jacobian, for a given
7 € R, one needs to solve with respect to v(-) the Jacobian equation

Joo 7 (w(-))v(:) = 1. (2.9)

This equation is usually transformed to an optimization problem with equality con-
straints. The well known Jacobian pseudoinverse (the Moore-Penrose inverse)

P —
o(t) = (o)) () = BT (OO (T, 00T (T) M (u( ).
is obtained by minimizing the control energy
T
min / ol (t)v(t)dt,
v(-) Jo
subject to the constraint (2.9). The Jacobian pseudoinverse exists on condition that the

mobility matrix My, r(u(-)) = C(T) fOT‘I)(T, t)B(t)BT (t)®T(T,t)dt C*(T) of the non-
holonomic robotic system has full rank r.

3. Main results

As a generalization of the Jacobian pseudoinverse, a right inverse of the Jacobian may
be derived from the minimization of the Lagrange-type objective function

T
m(lgl/ (ET(OQMEM) + T (1) R(t)o(?)) dt, (3.1)
v 0

where Q(t) = QT (t) > 0 and R(t) = RT(t) > 0, with the equality constraint
T
Jaor(w(-))o(-) = C(T) / (T, 1) B(t)o(t)dt = n.

The Lagrange objective function defines a Jacobian inverse that minimizes not only
the control, but also the trajectory variations in the linear system (2.5). It follows that
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the inclusion of the trajectory term allows to solve the primary motion planning prob-
lem along with some secondary trajectory shaping problems, like the obstacle avoidance
problem. This Jacobian inverse will be referred to as the Lagrangian Jacobian inverse.
The following theorem has been stated in Tchon, Géral & Ratajczak (2015).

THEOREM 1. For a fized control function u(-), the Lagrangian Jacobian inverse is a
map JqLO#T(u()) : R — X defined as
(i (w))n) (6) = v(t) = =R~ (BT (O)L(T, t,1), (3:2)

where

LT, t,m) = = a(t) (¥2(T) + CT (TR 1 (u()C(T)ina(T))

LOTIR ().

3.3
The matriz function U(t) = [¢;;(t)], 4,7 = 1,2, 3, satisfies a system of linear diﬁere(ntia)l
equations
' A(t) -B&)R71()BT(t) 0
U(t)=1| -Q() —AT(t) 0 | o), (3.4)
D(t)Q(t) 0 A(t)

with initial condition 1;;(0) = 6;;1,,, 0;; denoting the Kronecker delta. The matriz D(t)
solves the Lyapunov equation

D(t) = B(t)R7*(t)BT (t) + A(t)D(t) + D(t) AT (t), (3.5)
initialized at D(0) = 0. The mobility matriz is equal to
Ryor(u()) = C(T)D(T)CT(T) = C(T) / ::D(T, t)B(t)R(t)B” (t)®" (T, t)dtC™ (T).
0

(3.6)
In case of the identity output function the Lagrangian Jacobian inverse simplifies.

PROPOSITION 1. If the output function of the system (2.1) equals the identity then the
function (8.3) takes the form

L(T, t,n) = a2 (t)¢75 (T)n. (3.7)
The next Proposition specifies further this conclusion.

PROPOSITION 2. Suppose that the output function is the identity function. Define an
associated mobility matriz as

T
Sgo.7(u(-)) =/0 O(T, ) Ryq e (ul(-)) Q) Ry, (u(-) @7 (T, t)dt. (3.8)
If the mobility matriz and the associate mobility matriz are invertible then

L(T,t,1) = a2 ()33 (T) Ry (u())(Sgo m(u(-)) Ry p (u(:)) + L), (3.9)

Proofs of both these propositions are included in Appendix.

4. Motion planning algorithm

The Lagrangian Jacobian inverse (3.3) constitutes the Lagrangian Jacobian motion plan-
ning algorithm, Tchon, Géral & Ratajczak (2015). This algorithm relies on solving for
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the curve ug(t) the following set of differential-algebraic equations, starting from the
initial control ug(t), and with initial conditions gg(0) = go, Ds(0) = 0, ©g;;(0) = ;5 1.

do(t) = G(qo(t))ua(t),
Dy(t) = By(t)Ry " (t)BF (t) + Ag(t) Do (t) + Do (t)AF (1),
0

_ Ap(2) —By(t)Ry ' (t)BE (t) 0
Wy(t) = —Qo(t) —Af(t) 0 Wo(t),
Dy(t)Qo(t) 0 Ay(t)
duo (1) B . (4.1)
o = —YR™(t) By (t)1ea2(t) (o2 (T)+
—1

Cy(T)M ' (0)Co(T)os2(T) )  CF(TI)M,'1(0)e(0),

Aoft) = 2@ By(1) = G(go(1)), Colt) = LD
Mgy, 7(0) = Co(T)Dg(T)CF (T), e(6) = yo(T) — ya = k(as(T)) ~ ya,

Given the trajectory wug(-), the solution of the motion planning problem is obtained in
the limit u(t) = limg_ 4 oo ug(t).

5. Trajectory and control bound

It is easily seen that a substitution of vy(t) = (JqLO#T(u())(KqO,T(ue(-)) - yd)> (t) into

the equation (2.8) results in the identity

dug (t)
do

Now, let gg(t) = @q,,t(ua(-)) denote a trajectory of the system (2.1) steered by the control
function wug(t). Then, a differentiation with respect to 6 yields

dqe (t) dUQ(-)

= —ywy(t). (5.1)

da = quo’t(ua(.)) da ’ (52)
what, after invoking (2.4) and (5.1), gives
dge(t
60— ) (53)

The following result holds for positive and independent of 6 matrices Q(¢) and R(t).

PROPOSITION 3. The distance between the current and the initial trajectories and con-
trols in the system steered by the Lagrangian Jacobian motion planning algorithm is upper
bounded as follows

T T
/0 (a0(t) — a0(£)TQ(E) (an (t) — qolt))dt + / (u (£) — uo(t))T R(E) (g () — uo(t))dt <

6 T
70 / / (ET(OQ)Ea(t) + v (1) R(t)va (t)) dida. (5.4)
0 0

Proof of this proposition is deferred to Appendix.
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FIGURE 1. Trajectories of the rolling ball in XY plane: Q1(¢) (left) and Q2(¢) (right)

6. Computations

For the kinematics of a rolling ball a motion planning problem has been solved for
a constant matrix R(t) = I, and two series of matrices Q1(t) = 10715 and Qq(t) =
100 A(t)AT(t), j = —1,-0.5,0,0.5,1, 1.5, where A(t) is defined by (2.5). Growing weights
increase the role of the trajectory term in the objective function (3.1). Figure 1 reveals
that the ball trajectories are attracted by the initial trajectory.

7. Conclusion

This paper presents a new motion planning algorithm for nonholonomic robotic systems,
based on the Lagrangian Jacobian inverse. Computer simulations indicate potential ap-
plications of this algorithm to shaping the systems trajectories.

8. Appendix

8.1. Proof of Proposition 1
We have C(T) = I, so the equality (3.3) simplifies to

LTt m) = ~aalt) ($22(T) + R (u)bsa(1)) ™ Rl (), (81)
where Rq,.+(u()) = D(t) = fg@(m s)B(s)R(s)BT (s)®T (t, s)dt. Equivalently, (8.1) reads as
L(T,t,n) = 2 (t) (Rao 7 (u(-)¥22(T) + s2(T)) "' . (82)
For any t € [0, 77, let
X(t) = Ragt(u(-)22(t) + 32(2), (83)
L(T,t,m) = =22 () X (T)n. (8.4)
Differentiation of (8.3) with respect to ¢ yields
X () = Rag e (u(-)vh22(t) + Rag.t ()22 (t) + a2 (t)- (8.5)

From (3.5) and (3.4), it follows that
Rt (u(-)) = BE)R™ ()BT (t) + A(t) Ry, 7 (u(")) + Ry, 7 (u(-)) AT (t)  as well as
Paa(t) = —Q(t)12(t) — AT (t)ho2(t) and  wsa(t) = Rgg.(u(-)Q(E)12(t) + A(t)ihsa(t).

A substitution into (8.5) results in the matrix differential equation

X(t) = B(t)R™' () BT (t)ihaa(t) + A()X (t), X (t) =0. (8.6)
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On the other hand, from (3.3) we deduce

V1z(t) = A®)vz(t) = BOR™ ()BT (O¥22(t),  ¢12(0) = 0. (8.7)
Summation of (8.6) and (8.7) leads to the identity
%(X(t) + ¢i2(t)) = A (X (1) + ¢12()), (X +¢12)(0) = 0. (8.8)
From the uniqueness of solutions of this differential equation one gets X (t) + 912(t) = 0, so
X(t) = —h1a(0). (8.9)

Finally, a substitution of X (7') into (8.4) produces the identity (3.7).

8.2. Proof of Proposition 2
We begin with an observation that from the equation (3.4), it follows that

L(t) = 1ha1(t)£(0) + 1haa(t) L(0) 4 1pa3(t) P(0),
s0, using the initial conditions £(0) = 0 and P(0) = 0, one gets
L(t) = 22(t) L(0). (8.10)

Since 122(t) is a transition matrix for the variable L(¢), it must be invertible. Next, assuming
the zero initial condition 32(0) = 0, the solution of the differential equation

P32 (t) = Rqp,t(u(-))Q(t)12(t) + A(t)s2(t) takes the form

Uaalt) = [ 909y () Q12(5)ds.
From the identities (8.9) and (8.3) one deduces that

wlz(t)=—Rqo,t(U(-))¢2z(t)—/o D(t, 5)Rao,s (u(-))Q(s)¢12(s)ds, i

P12(T) = =Rgo, 1 (u(-))h22(T) — /O (T, ) Rap,s (u(-))Q(s)h12(s)ds. (8.11)
It is easily seen that the integral equation (8.11) can be solved as
P12(5) = Ray o (w()®T (T, 8)Se 1 (u(-)) (—tb12(T) — Rag. 1 (u(-))h22(T)), (8.12)

where
g T T
Sao,r(u(")) = /O (T, 5)Rao,s (u(-))Q(8)Rgq s (u(-)) @™ (T} s)ds
denotes the associated mobility matrix (3.8). Having computed (8.12) at s = T', we obtain
(1 + Ry 2 (DS 0 () ) ra(T) = =Ry ()80 () R (w(:) )bz (7).

We have already shown that t22(T") is invertible, so on assumption that the mobility matrix
and the associate mobility matrix are so, we deduce invertibility of both the matrices on the left
hand side of the above identity. Solving this for 112(T") yields

bia(T) = — (T + RE 2 ()8 () R 2 (w30 () R 0 () bza(T).

In conclusion, by (3.7) and using symmetry of the mobility matrix, we arrive at (3.9). Notice
that the inveritibility of ¢12(T) justifies correctness of the formula (3.7).

8.3. Proof of Proposition 3
From (5.3) and (5.1) we infer that

) )
qo(t) — qo(t) = —’y/o Ea(t)da and  wg(t) —uo(t) = —'y/o va(t)da.
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In consequence of the above identities, we compute

0 T 0
(@0(t) — a0 ()T Q1) (a0 (t) — qolt)) = * ( / @(t)da) Q) / €5 (1)dp (8.13)

and
T

0 0
(u0(0) = uolt)” RO (o) = o) =+ [ wntde ) Ro) [ostas. 81)
0 0
In what follows we shall focus on the formula (8.13), the other formula can be transformed anal-

ogously. Let Q'/2(t) denote a square root of the matrix Q(t), such that Q(t) = Q'/2(t)Q*/27 (¢).
To simplify notations, set p(t) = vQ'/?T(t)¢.(t). Then, the right hand side of (8.13) can be

T
written down as RHS = (f09 Pa (t)da) fog ps(t)dB. Now, we have

wis = [ phioda [ paeras <
‘/ngz(t)da ‘
[ [ ie@iiips@ldads < 3 [ [ a1 + pato?) dos <

30 ([ teonPaa+ [“isoiPas) =0 [ Ipaiaa =0 [ s opaode

Finally, after substitution for p.(t), and using (8.13) we conclude that

/ P (1) do / gpa(t)dﬂ‘ <

/ngﬁ(t)dBH < /00 Hpa(t)||da/06 |lps(t)||dB =

0
(g0(t) — qo(1))” Q(t) (a0 (t) — qo(t)) < 7°0 /0 £r (H)Q(H)éa(t)da. (8.15)

Along the same lines we deduce

(s (t) — uo(t))” R(t) (ua(t) — uo(t)) < +°6 / ol (O R(t)va (t)da (8.16)

By summing up sidewise the inequalities (8.15) and (8.16), and integrating from ¢t =0tot =T,
we obtain the bound (5.4).
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