
Music of the Primes; a talk by Marcus du Sautoy 
presented to the IMA 4oth ~nniversary Conference 

N ot hciny, a nr~mhcr theorist or pure mathematician. and ccr- 
t;~inly not ;I rnusici;~n. i t  \vas with somc trepidation and 
hesitancy that I agrccd to bc a 'scribe' for the talk by 

Marcusdu S ;~ i~ toy  (MdS) on 'Thc Musicof'thc Prinics'. My nnxi- 
ctics pro\,cd unfounded. lio\\.cvcr. for tlic talk \vas entcrtaining 
and informativc \vhilst :ilso being accessible to a novice such as 
myscl t: 

MdS bcgan by sho\ving that cx;~niplcs of primc nunibcrs-in 
nthcr \\pords numbers (cucluding I )  which arc only divisible by 
tlicnisclvcs and unity occur a11 thc timc in tlic \vorld around us. 
Rcal Madrid clcarly h:r\,c an intcrcst in primc number tlicory: 
David RcckIi;~n~ \\.cars numbcr 13. Zidanc 5 and Ronaldo I I. It 
also nppcars t l i ; ~ t  nnturc has an intcrcst. for thc cicada livcs 
underground for 17 ycars bcforc cmcrging for n mcrc six \vccks to 
lay eggs. niatc and die. Thc cicada is not the only spccics to have 
tliis bcli;~viour: i t  is bclicvctl that prinlc nunibcr pcriods of dor- 
m;lncy may liclp such crcatilrcs to avoid predators. Hollywood 
also has an intcrcst in prinic numbers: in thc horror film 'The 
Cuhc'. prinlc numbcrcd rooms contnincd grisly booby traps. 
Indccd. MdS sl~o\\wi a particularly graphic sccnc from the film to 
pcrsundc us of thc importancc of knowing our primcs! For the 
niathcm;~ticinn. Iiowcvcr. t l ~ c  significancc of thc primcs lics in thc 
fi~nious Fundnnlcntal Thcorcni of Arithmetic which statcs that 
c\cry intcgcr can bc decomposed uniquely into a product of 
primcs. Prinic nunibcrs can. thcrcforc. bc sccn as thc building 
blocks. or ';itonis'. of tlic intcgcrs. 

Yct. for thc most part. thc primcs remain a mystery and enigma. 
Somc of thc oldcst and still i~nsolvcd-questions in mathcmatics 
conccrn primc nunibcrs: tlic twin primc co~~.iccturc. for cxamplc. 
\vhicli nsscrts that thcre arc infinitely many prime numbers such 
that / J  and p+? ;ire both primc. or  thc Goldbi~ch conjccti~rc 
\vhicl~ asscrts t11;1t cvcry cvcn numhcr 1 4cnn hc cxprcsscd as thc 
sun1 of at most t\vo primcs. Gauss is accredited 21s saying that 
'An! child can posc questions concerning thc primcs that thc 
\viscst ni:~thcm;~tici:~n cannot answcr'. 

MdS focusscd his attention on the agc-old question of tlic dis- 
tribution of' tlic primc numbcrs. I gi~css that many mathemati- 
cians li;~vc lookcd at thc scqucncc of primcs as a sti~dcnt and 
\vondcrcd \\.hcthcr there was any rliynic or  reason to them: given 
tlic first 11 primcs is thcrc a formula for the next primc in thc 
scqucncc'? I t  sccnis that this is truc for most scqucnccs wc mcct at 
school. for cxamplc thc triangle numbers 

and tlic Fibonacci nunibcrs 

cxamplc. thcrc arc privntc kcys \\~hich arc primcs p and (1: a 
numbcr N = p(/. wliicl~ is made pi~blicly known. is used to 
encrypt (or  'scramble') the docunient. Howcvcr. i t  is only 
through kno\vlcdgc of tlic prinic fi~ctors p and (1 that onc can 
dccipher the document. Thus. givcn a numbcr '2'. if onc could 
determine the (unique) factors p and (1 (n,itliout thc laborious 
task of tcsting cvcry combination of prinics 5 6.) tlicn otic 
could brcak thc code and stcnl cvcrybody's bank dctnils! This 
would clearly be a calamity for business and conimcrcc. Fortu- 
natcly. N is usually liundrcds of digits long and so to tcst ; I I I  tlic 
possibilities-cvcn on thc fr~stcst con~putcr nvoilnblc \vould take 
so long that the sought-after information \\,ould becomc obso- 
Ictc: so wc can slccp soundl!l at thc prcscnt timc! Howcvcr. if a 
gcneral formula for the primcs is found. tlicn this may wcll Icad 
to an algorithm for findingp and (1 and so \VC \vould hnvc rcnson 
to rcmain nwnkc! 

MdS movcd on to givc the audicncc a bricf rcvic\v of the 
history of primc number theory. Sincc Euclid-in about 300BC 
showcd that thcrc wcrc infinitcly many priincs. many mnthcmnti- 
cians havc invcstigatcd this issuc. Ho\\,cvcr. it \vns not until thc 
work of Gallss in 1849 that much morc progrcss was madc. 
Gauss' investigations nppcnr to havc bcgun in 179 1 \vlicn lic \\,as 
14. At that timc hc considcrcd thc behaviour of rr(11) t11c numbcr 
of primcs less than or  equal to 11 - as 11 + m. Ry cx;imining 
graphs of ~ ( 1 1 )  against 11 hc co~i.iccturcd thc asymptotic rclation 

N 
IT( 1 1 )  + - a s N + m  

log N 

Howcver. Gauss did not prove this result-oftcn rcfcrrcd to as thc 
primc number theorem-and for morc than a century. it remained 
possiblc (but unlikely) that therc was a point beyond which rr(11) 

might diverge in somc other way. 
I t  was not until Bcrnard Ricmann and his mcmoir of 1859 

'ijbcrdic AnzahI der Primzahlen untcrcincr gcgcnbcncn Griissc' 
[I] that any dccpcr insights could bc gaincd into tlic distribution 
of the primes. Riemann's work concerned tlic now fr~nious 
(Ricmann) zcta function. ( (S) .  defined by 

S(.s)=C$ f o r s > l .  (4) 

In fact. this function had bcen discovered and invcstigatcd earlicr 
by Euler (approximately 1740). Euler noticed that for s > I ,  '' ..' 
could be expressed as a convergent infinite product over 
primc numbers p. namely 

1 l + & " * '  I - &  'l+' This slightly surprising result follows by expressing(1- p-' )-' a 
1.1.2.3.5. .... z{[T) -[T) 1. (2) Binomial Series. expanding out the infinite product and reca 

the Fundamental Theorem of Arithmetic. The Ricmann 
fi~nction has many interesting properties of its own. for exam 

Is something similar true of the prime numbers as well? Or  is 

lling 
zeta 
plc. 

their distribution so i~npredictable that thcy arc as random as the 7>h-1rr2klB2hl 
C(2k) = - k = l . 2 . 3  ...., 

lottcry numbcrs? ( I k ) !  
Prime numbcrs are not just an abstract purc mathematical idea 

of littlc significancc. but arc of fund:irncntal importance in many where arc the Bcrnoulli nllmbcrs(B,, = 1. B, = -1 1'. 

;Ircns of 'real world'. I n  Public ~~y Cryptography. for I 16. B, = -1 / 30). The fact that ( ( S )  has n simplc pole at .S = 1 C 
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be i~scd to give a vcry brief proof of the infinitude of the primes: 
because 

lim ( ( S ) = -  
\ ~ . l +  

(7)  

and the only way that the product on the right hand side of equa- 
tion ( 5 )  can be divergent is if there are infinitely many primes! 

Ricmann's genius was to consider (( .S)  as a function of the 
complcx variable S. and this approach led to his insights into the 
primc numbers. Evidently. c(s)  is convergent for % ( X )  > l but 
Riemann was able to analytically continue ( ( 5 )  into the whole 
complcx plane and in so doing he discovered a host of properties. 
Not least among these was Riemann'sexplicit formula which con- 
nects tlie distribution of the prime numbers to the zeros of the 
Riemann zeta function. MdS explained how this formula dictates 
that the zeros of the Riemann zeta function operate like the 
modes or harmonics of n musical instrument. So. just as a guitar 
sound is composcd of a series of modes which are allowed to 
propagate down the string. the distribution of the primes is com- 
posed of n series whose modes correspond to the zeros of c( .S ): 

hence 'The Music of the Primes'. Mathematically speaking. the 
idea has close parallels to Fourier analysis where a discontinuous 
distribution such as the sawtooth graph can be thought of as the 
limit of n Fourier series. Likewise. the jagged and unpredictable 
distribution of the primes can be expressed as a series involving 
the zeros of ( ( S ) .  

Not only did Riemann's work lead Hadamard and de la Vallke 
Poisson to prove (independently!) the prime number theorem in 
1806. but Ricni;~nn made a deeper conjecti~re concerning the 
zeros of ( ( S ) .  The famous Ricmann Hypothesis states that the 
zeros of ( ( S )  all lie on the line 3 ( s )  = 11 3. The conjecture is still 

the experience of the author. vary from a Mars Bar. pint of Reer 
to a bottle of Champagne as one progresses up the educational 
ladder.) However. MdS pointed out that the Riemann hypothc- 
sis is of far greater significance. for its truth would imply that 
there is no eficicnt formula or fast algorithm for generating the 
primes and thus there would be no fast algorithm for generating 
the primc factors 17. (1 of a given N. Therefore. tlic Ricmann 
Hypothesis is of Si~ndamental importance both in pure and 
applied mathematics. 

In this vein, MdS closcd his talk by addressing prc.iudiccs that 
exist between pure and applied mathematics: describing himself 
as a pure mathematician who delights in any application. He dis- 
cussed the importance of communication and intcrdisciplinnrity 
between all kinds of mathematicians with their difl'ercnt 
approaches and experiences. For my part. I have bccn Si~scinatcd 
by (( .S)  since I came across it (understanding vcry. vcry little) at 
school and as an applied niathematician I would be delighted if i t  
could be shown to lie at the heart of a practical applied matlie- 
matics problem. 

For :I much better and fi~ller account of these ideas we refer the 
reader to MdS's recent book [3]. Two other books which I have 
found interesting are [ l ]  which gives a straightforward yet com- 
prehensive introduction to the subject of Number Theory and [4] 
which is a detailed introduction to the Ricmann Zcta function. 
Also a browse of the lntcrnct may yield some interesting rcvcln- 
tions conccrning prime numbers and their history it was here 
that I found a transcription of Riemann original paper [?]!X 
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who succeeds in proving the Hypothesis will receive a prize of 1 
million US dollars! (Quite an increase from the prizes usually 
alvardcd for the other great questions of mathematics. which in 
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Fermat's Last Theorem; a talk by Simon Singh 
presented to the IMA 40th Anniversary Conference 

W ith an off-the-cuff apology for advertiging. Singh begins 
by plugging a projcct fix placing undcrgraduntcs in 
schools. The aim is to enthuse pupils and encourage 

them to study mathematics and science at university. He wants 
tlic collcction of ni;~thcn~aticians arrayed before him to return to 
tlicir respective departments and take this pro-iect idea with them. 
This said. he moves to his theme. 

In 1993 Andrcw Wilcs, a researcher in Princeton. presented :I 

proof of the T:~niy:~m;~-Shirn~~r:~ conjecture and hence of 
Fermat's last theorem. I t  was big news: front page space was 
d ~ \ ~ o t c d  to the story in :I lot of national papers. an unusual feat 
for n mathcn~ntic:~l proof. Wiles' story itself was compelling: 
dreaming of solving this ancient problem since he was ten years 
old: isolating himself for seven years to work solely on this: and 
then when finally lie emerged to present the proof. it was discov- 
ered to have n hole. . . and then, the fact that this hole was subse- 
cli~cntly patched by Wiles himself*. Truly :I story which is worthy 
of air time. 

The RRC had intended a documentary about Wiles and 
Fcrnint's Inst theorem, and some level of production had started. 

However, when the proofwas found to be fln\vcd. the project had 
been dropped, only to be reinstated \vlien the proofwas patched. 
In the intervening period liowcvcr, the original producer had 
been promoted and Singh was drafted in to make tlic fe:~turc. 

Singh starts to sho\v us clips from tlic programme on a large 
projector screen and it quickly becomes apparent that he is to talk 
about thcdocumcnti~ry itself as much as Fcrn~at's last thcorcm or 
Wiles himself. The opcning scene is n trip through n house. with 
the light gradually incre:tsing. Wilcs provides tlie voice over. com- 
paring mathematics to walking through a darkened mansion. 
tripping over the fi~rniture. gradually mapping things out and 
eventually finding a light switch. Cut to Wilcs at his desk: a stc- 
rcotypical academic, wild hair, slightly balding and complctcly 
surrounded by disordered stacks of paper. He is talking about the 
moment of cpiphany with obvious emotion. when lic confesses 
that nothing lie will ever d o  in the f i ~ t i ~ r e  will come close to com- 
paring with Fcrmat's Inst thcorcm. he breaks down and we cut to 
the title sequence. Singh reveals that there is only one very brief 
mention of mathematics in this opening sequence. :I 'random 
channel hopper' would simply see someone obsessed with 
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