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Abstract We formulate a stochastic optimization problem, wherein finite resources are sequentially allocated
to incoming tasks so as to maximize a cumulative reward. At each decision stage, the incoming task has known
value. However, upon allocating a resource, a task is completed with probability less than one. Furthermore,
the decision maker is informed about the task completion status via an error-prone feedback mechanism that is
subject to both type I and type II classification errors. The decision maker may choose to reallocate a resource
to the current task or move on to the next task in the sequence. We show that a resource is allocated if and
only if the expected reward from a task exceeds a threshold. Furthermore, we establish a lower bound on the
task completion probability under which the threshold is monotonic decreasing in the number of remaining
resources.

1. Introduction

The operational scenario is the following. A Decision Maker (DM) with finite resources sequentially engages
incoming tasks. Should the DM decide to allocate a resource to a task, it will be completed with probability
p < 1. We assume that a single resource allocated to an incomplete task either leads to completion or it does
not; there is no partial or cumulative task completion. Upon successful completion, the DM receives a known
reward. However after allocating a resource, the DM only has access to an error-prone status report on the
task. Indeed, the feedback process is an error prone classifier in that a completed task may be reported as
being incomplete and vice-versa. Upon receiving the status report, the DM can either re-assign a resource to
the current task or move on to the next task in the sequence. This decision obviously relies on the probability
that the task is still not complete given the history of observations and the number of tasks and resources left.
There is no turning back i.e., the DM is not allowed to revisit tasks that had been previously serviced. We are
interested in the optimal feedback policy that results in the maximal expected cumulative reward. In particular,
we are interested in the structural property, if any, of the optimal policy.

1.1. Prior Work

The framework we consider is applicable in military weapon target engagements, e.g., see Mastran and
Thomas (1973), Kisi (1976), Aviv and Kress (1997), shooting problems, e.g., see Sato (1997a), Glazebrook
and Washburn (2004), cybersecurity, e.g., see Hu et al. (2017), Gao et al. (2013), attacker-defender games,
e.g., see Levitin and Hausken (2012) and more broadly to stochastic sequential resource allocation, e.g., see
Sato (1996), Sato (1997b). In sequential assignment problems of the kind considered herein, the decision rule
usually takes the form, service the task iff its value is no less than a certain threshold c, where the optimal
c is to be determined. Moreover, one would expect the optimal threshold to be monotonic decreasing in the
number of remaining resources. If the probability of successful task completion, p = 1, there is no need for
repeated allocation to the same task and the resulting problem bears similarity to Revenue Management (RM)
- wherein, the threshold monotonicity property is known to hold, e.g., see van Ryzin and Talluri (2005), Aydin
et al. (2009). However, it is not obvious that the result holds for p < 1. To clearly distinguish this paper from
our earlier work, we note that:

1) In Krishnamoorthy et al. (2016), a perfect information scenario is considered, where the DM is informed
if the task was completed or not and the threshold monotonicity result has been established for this case.

2) In Krishnamoorthy et al. (2017), the rewards are considered to be random (as in RM) but known prior to
decision time and the task status is perfectly known to the decision maker; the threshold monotonicity result has
been established for this case as well. In addition, for this case, we also showed that the threshold is monotonic
non-decreasing in the number of remaining tasks.



In this article, we extend the monotonicity result in Krishnamoorthy et al. (2016) to the case of an error-prone
feedback mechanism. We also note that the result in Krishnamoorthy et al. (2016) does not follow directly
from the result established in this work - see Remark 2 for alternate analysis.

In military parlance, our model embraces a Shoot-Look-Shoot (SLS) approach, in that homogenous re-
sources are assigned one at a time with observations in between that assess the success or failure of the previ-
ous allocation. The analysis of SLS strategies in the presence of partial information was first reported in Aviv
and Kress (1997). Gaver and Jacobs (1997) consider a conventional classifier model with type I and type II
errors and provide effectiveness measures for different shooting tactics. A survey of the state of the art in SLS
methods and the optimal use of information is provided in Glazebrook and Washburn (2004). It is also known
that if additional complicating factors such as a search cost for finding a task or a scenario wherein resources
can be replenished are considered, the monotonicity property breaks down, e.g., see Sato (1996), Sato (1997b).

In this article, we present a low resolution model of the SLS scenario where an imperfect binary classifier
is employed. Our emphasis is on providing an analytical relationship between the probabilities of correctly
classifying a completed task and misclassifying an incomplete task and the task completion probability under
which the threshold monotonicity property holds.

2. Dynamic Model

Let the two possible observations after a resource is allocated to a task be given by y = 1,2, where 1 indicates
that the task is reported to be incomplete and 2 indicates that the task is reported to be complete. Furthermore,
let the conditional probability that y = 1 given that the task is incomplete be given by g; and the conditional
probability that y = 1 given that the task is complete be given by g.

2.1. Monotonicity condition

Let P, be the prior probability that task ¢ is incomplete. Now, suppose a resource is allocated to it. After
expending the resource, the DM receives feedback/ observation: y = 1,2, indicating that the task is reported to
be incomplete and complete respectively. Let P (y) indicate the a posteriori probability that task ¢ is incomplete
after receiving the report y. We have the conditional probabilities: Prob(y = 1|incomplete) = q| and Prob(y =
1|complete) = q.

THEOREM 1. If g» < q1 < ﬁqz, then P (y) < B, for all y.

Proof. 1f q1 > q», the probability of correctly identifying a completed task is more than the probability
of mis-classifying an incomplete task. One would expect a reliable and “truthful” classifier to satisfy this
condition. Let us refer to the probability that the task is incomplete prior to the observation as &, = F;(1 — p).
To compute the a posteriori probability, we use Bayes’ theorem and get:
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A similar argument shows that P (y = 2) < 04. So, we have:
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In other words, given that the classifier is a reliable indicator, a negative report that the task is incomplete
increases the posterior probability (compared to the prior) and a positive report has the opposite effect. In



addition, for monotonicity, we require:
Pz+(y = 1) <Ph,
qi(1—p)
= <1,
ab(l=p)+q@(1-F(l-p)) ~
=q(1-p)(1-P) <q(1-PA+(1-p)),
= (@1 —q2) (1 —=p)(1=F) < q2p. (5)

Since F; < 1, a sufficient condition that guarantees monotonicity is given by:

p>1-2 (6)

q1
To summarize, if g1 > ¢g» and the successful task completion probability p is sufficiently high (6), the a poste-
riori probabilities satisfy: P (y) <P, y=1,2.
O

REMARK 1. Note that g = g3 is a degenerate case, since the classifier is redundant and renders no useful
information about the outcome of the allocation. Indeed, Bayes’ update tells us that, for this case, P, (y =
1,2) = o4 i.e., the posterior and prior probabilities are the same. Also, q1 < qa is the strange case of a counter-
indicator (or a reliable “liar”) and so the conditions for monotonicity are the same as established before,
except that we switch q for q2 and vice-versa.

2.2. Stochastic Dynamic Programming

Let there be N tasks waiting to be serviced. We use ¢t = 1,...,N to indicate the current task index. If task
t is completed, the DM will receive a running reward of r,. Suppose the DM is currently facing task ¢ with k
resources in hand. Further suppose that the probability that task ¢ is incomplete be given by P, < 1. If the DM
just received task 7, we would of course have P, = 1. Let V(¢,k|F;) indicate the optimal expected cumulative
reward i.e., “payoff to go”, that can be achieved thereafter. It follows that V (¢,k|P) must satisfy the Bellman
recursion:

V(t,k|P) = max {u (pP,rt+ZPr0b(y)V(t,k— 1]P,+(y))> +(1—u)V(t+ 1,k|1)} , (7)
: y

where the control action, # = 1 indicates that an additional resource is to be spent on the current task and
u = 0 indicates that the DM will move on to the next task in the sequence. If the decision # = 1 is taken, the
immediate expected reward of pPr; is gained. After each allocation, the DM receives the status report, y. In
(7), Prob(y) is the probability that report y is generated when u = 1 is chosen. Indeed, we have:

Prob(y=1)=qP(1—p)+q2(1—P(1—-p)) and )
Prob(y =2) = (1-q1)A(1 —p)+ (1 —q2) (1 =R (1 -p)). 9

The a posteriori probability that the task is still incomplete after receiving y, is given by P (y) and is computed,
as before, using Bayes’ theorem:

P(1—
Pry=1)= ﬁ;o;f(y:pl)) and (10)

If the DM faces the last task and still has & > O resources at hand, the expected reward is given by:
V(NK1) =ry(1-4"), (12)

where g = 1 — p. In other words, ¢* represents the probability that the last task is not completed by any of the
k resources. So, 1 — ¢* is the probability that it gets completed; thereby yielding the reward (12).



The optimal feedback policy is therefore given by:

w1, k|P) = argmax { (me + Y Prob(y)V (. k— 1|Pﬁ<y>>> +(1-uV(i+ 1,k|1>} L3
MZO,I y

The solution entails solving the Stochastic Dynamic Program (SDP) given by (7). Here, the staget =1,...,N

and the state is (k, P,), where k is the number of resources in hand at stage ¢.

2.3. Dynamic Programming Solution

We note that the Dynamic Programming (DP) equation (7) is unconventional, in that the variable P takes
continuous values in (0, 1]. So, standard solution methods such as value/ policy iteration do not directly apply.
However, we point out that for any finite instance of the problem with say M resources and N tasks, one
can pre-compute all possible values that the posterior probability, ' (yy,...,y,) can take as a function of the
observation history yi,...,y, over n < M resources allocated to task ¢. Indeed, let the one-step Bayes update
(10) and (11) be denoted by P (y = 1) = .Z|(F,) and P (y = 2) = .%»(P,) respectively. Let us define the
indexed set,

Py, :Ui:I,ZUPe%,,l gi(P)a n= 1"")(M_1)’
Py {1}, (14)

It is clear that the cardinality of &7, is 2". Having precomputed the sets &2, Vn < M, the DP equation (7) can
be restated as follows:

V(t,k|P) = max {u (pPrt + zzlProb(i)V(t,k— lﬁ(P))) +(1—uw)V(+ 1,k|1)} ,

i=1

k=1,....,MYPec U}, (15)

So, V(t,k|P) can be computed so long as V (¢t,k — 1|.%;(P)) and V(¢ + 1,k|1) are available. However, V (¢, 1|P)
depends only on V(t 4 1,1|1) since V(¢,0|.%(P)) = 0. For k > 1, we have, % (P) € UM 12, since P €
Ufl/[: Bk Zy. So, one could solve (15) using backward Dynamic Programming. Indeed, we first compute:

V(Nk1) =ry(1—¢), k=1,...,M. (16)

We then proceed to compute V (¢,k|P), VP € & in the decreasing order of ¢ from N — 1 to 1 and increasing
order of k from 1 to M using (15). In essence, the state component P is quantized and as such the DP algorithm
deals with a finite discrete state space. However, scalability is an issue since the total number of states is
O(N x M x 2M),

Although interesting in its own right, we shall not dwell any longer on the computational aspects of the DP
algorithm. Instead, our focus here is to characterize the optimal solution. As mentioned earlier, under fairly
reasonable assumptions, the optimal policy can be shown to have a special structure. Indeed, a resource from
an available inventory of k resources is allocated to a task of value r, iff P, pr; exceeds a threshold. In the next
section, we prove that a threshold policy is optimal and furthermore, the threshold is monotonic decreasing in
the inventory level.

3. Monotone Threshold Policy
Let Aj1(k) ==V (t+1,k|1) = V(t+ 1,k — 1]1) indicate the expected marginal reward yielded by assigning
an additional resource over and above k — 1 resources to the future tasks  + 1 to N.

PROPOSITION 1. A;(k) is a monotonically decreasing function of k.

We shall prove the above proposition later. Notice however that the marginal reward yielded by the last task
in the sequence,

Ay (k) =V (N,k|1) =V (N, k—1]1) = prygd* ", (17)

is clearly a decreasing function of k given that ¢ < 1.
Suppose Proposition 1 is true i.e., A, (k) is a monotonically decreasing function of k. For any P € (0, 1], we



can define ;(P) = ming— 5 ...k such that pPr; > A, (k). Indeed, ;(P) is the smallest positive integer such
that pPr; is no smaller than the marginal reward A, | (k). The following result shows that a thresholding policy
is optimal.

LEMMA 1. If Ai+1(k) is a monotonically decreasing function of k, the optimal policy:

0, k < K (P),
1, otherwise.

utkie) = {

Proof. From the Bellman recursion (7), we have: V(z,k|P) >V (t + 1,k|1). It follows that:

pRri+) Prob(y)V(t,k—1|F"(y)) = pPr+V(t+1,k—1|1)
y

>V(t+1,k|1),Vk > K5(F,), (18)
where (18) follows from the definition of k; (/). Recall the Bellman recursion (7):

V(t,klP) = max {u (pPrrt+ZPr0b(y)V(t,k— l\l’f(y))) +(I—u)V(r+ Lkll)} :

y

= V(t,k|P) = pPr;+ Y Prob(y)V (t,k— 1P (v)), k > K(P). (19)
y

= u(t,k|P) =1, Vk > K(P). (20)

We shall prove the second part of the result, i.e., u(z,k|P) = 0, k < x(F;) by induction on k. Recall the
definition of «;(P;), which gives us:

PPrA+V(i+1,k—1]1) <V(t+1,k]1), k < (P). 1)
If k;(P;) = 1, there is nothing left to prove. So, suppose k;(#) > 1. From the Bellman recursion (7), we have:
V(e 11R)) = max {uphr + (1 - )V (14 1.1]1)}
u=",
=V(t+1,1]1), (22)

where (22) follows from (21) since &;(F;) > 1. Suppose V(t,h— 1|F) =V (t+ 1,h— 1|1) for some h < & (F;).
We have the following monotonicity result (for proof, see Sec 2.1):

l]2<611§1
—p

SR ) <P y=12. @)
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Now V(t,h—1|P) =V (t+ 1,h—1|1) implies that it is optimal to engage the next task in the sequence if the
probability that task 7 is incomplete is F; and the inventory level is 2 — 1. It follows that if the probability that ¢
is incomplete is even lower, the DM must move on to the next task in the sequence and so, V (t,h— 1|P (y)) =
V(t+1,h—1|1), y=1,2. Using the induction argument, the Bellman recursion (7) yields:

V(0.h|R) = max { <per, + ¥ Prob(y)V (1. - 1\P,+<y>>> + (L= )V (i + Lhm},

y
= nl%xl{u(thrmLV(t+ Lh—11)+ (1 —u)V(t+1,h|1)},

=V(t+1,h|1), (24)
where (24) follows from (21) since & < k;(F;). Combining (22) and (24), we have:
V(t,k|P) =V (t+1,k|1), Yk < x(P), (25)
0, Vk < ,;(P).
t,k|P) =
= K(tKIP) { 1, otherwise.



The above result tells us that 1 out of the current inventory of k resources is deployed on the current task iff
the immediate expected reward, pPr; is no less than the marginal reward obtained by assigning an additional
resource over and above k — 1 resources to future tasks. So, a threshold policy is optimal, with the threshold
value given by A, (k).

REMARK 2. The special case of perfect feedback information is recovered by setting q; = 1 and g, = 0.
However, Lemma 1 relies on the condition (1 — p)q < qa and therefore the above result does not hold for the
perfect information case. A separate analysis is required for this case - see Krishnamoorthy et al. (2016).

THEOREM 2. A,(k) is monotonically decreasing in the inventory level k.

Proof. We prove the result by induction on the task index, 7. From (17), we know that Ay (k) is monotonic
decreasing in k. Let us suppose that A, (k) is also a decreasing function of k. Combining (19) and (25), the
optimal expected cumulative reward takes the form:

V(t+1,k[1), k< K:(P)
V(t,klP) =4 pRri+V(t+1Lk—11), k=K(R) (26)
PP+ X, Prob(y)V (t,k—1|P"(y)),

~
\Y
Q)
:U

By repeated application of (26), we have for k > & (P):

y

V(t,k|P) = pPry —I—ZProb(y) [pP,Jr(y)r; +Z. .
y

= pP.r; —l—pr,z:Prob(y)PJr —i—ZPmb [Z ] 27
y y y

However, from the Bayes’ update (10) and (11), we note that

Y Prob(y)F' (y) = A(1—p) = Pg. (28)
y

So, we can write:

V(t,k|P) = pPr —{—thr,q—i—ZProb(y) [Z . ] ,

y y
k=K (F)
V(t,klR)=pPr Y, q+V(+1,5(R)—1/1), k> K(P). (29)
i=0

So, we have the marginal reward given by:

A (k) =V (t,k[1) =V (t,k—1]1)
Arr1(k), k< x(1),
{ prig "W k> K(1). (30)

We proceed to show that A, (k) as prescribed by (30) is a decreasing function of k. By our induction argument,
A, (k) decreases as k goes from O to k;(1) — 1. From the definition of x;(1), we have:
pr, < AI+I(KI(1) - 1)

For k > K,(1), A, (k) = pr;¢*~%V) is a decreasing function of k since g < 1. O

REMARK 3. Note that, in addition, if the tasks arrive in the order of increasing value, i.e., r; <r, <--- <ry,
it can be shown that the threshold is also monotonic non-increasing in t. In particular, if all rewards are the
same, at least one resource will be allocated to each task.

4. Conclusion

We considered a dynamic resource allocation problem, wherein arriving tasks are sequentially serviced by a
DM equipped with homogenous resources. Feedback on the task completion status upon allocation is available



in the form of an error-prone status report. Stochastic Dynamic Programming yields the optimal policy which
specifies that a resource is allocated to a task iff the immediate expected reward exceeds a threshold. Under mild
conditions on the feedback classifier error probabilities, we show that the threshold is monotonic decreasing
in the number of resources. The work is readily applicable to a dynamic weapon target assignment scenario,
where an error prone Battle Damage Assessment (BDA) report is available.
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