
Assurance for sample size determination in binomial reliability demonstration
testing

K.J. Wilson, M. Farrow

School of Mathematics, Statistics & Physics, Newcastle University, UK

Abstract Frequently, manufacturers are required to demonstrate thatproducts meet reliability targets. A typical
way of doing this is to use reliability demonstration tests (RDTs), in which a number of products are put on
test and the test is passed if a critical number or fewer fail.There are various methods for determining the
sample size for such tests. Traditionally this was based on the size of a hypothesis test following the RDT.
More recently, Bayesian approaches have been proposed based on the idea of risk criteria. However, these
approaches do not lead to a single, optimal sample size and conflate the choice of sample size for the test and
the analysis to be undertaken once the test has been conducted. In this paper we offer an alternative approach
to sample size determination based on the idea of assurance.This approach can overcome each of these issues
with risk criteria. Assurance chooses the sample size to answer the question: “What is the probability that the
RDT will result in a successful outcome?” We demonstrate theuse of assurance for sample size calculations in
binomial RDTs and discuss the specification of prior distributions for the design and analysis of the test.

1. Introduction

Hardware products are required to have high levels of reliability, particularly those which provide safety-critical
functions within larger systems. It is therefore crucial that the users of such hardware products have confidence
in the reliability claimed by the manufacturers. A typical and widely used approach to provide this confidence
is through the use of a reliability demonstration test (RDT),in which a number of the hardware products are
put on test and the number which fail is observed. If the number of failures is below some pre-defined threshold
then the test is said to be passed and the reliability of the product is demonstrated (Elsayed, 2012).

The design of an RDT is therefore given by the number of items put on test and the number of failures
which are allowed for the test to be passed. An additional consideration which affects the test plan is the type
of hardware product which is of interest. In this paper we consider products which are required to function on
demand and can either work or fail, such as a parachute.

Calculating sample sizes for RDTs has been considered at least as far back as the 1960s. A traditional
approach was to choose the sample size to give a specified size of a hypothesis test (see, for example, Section
3 of Meeker and Escobar (2004)). Another widely investigatedapproach is based on the idea of risk criteria,
which evaluate the risk to the producer of the product and consumer of the product associated with incorrect
conclusions from the RDT (Easterling, 1970; Marz and Waller,1982; Hamadaet al, 2008).

Assurance (also known as expected power and average power),has been proposed (Spiegelhalteret al, 1994;
O’Hagan and Stephens, 2001) as the correct Bayesian method for calculating sample sizes in clinical trials. It
is based on the notion that the sample size should be chosen tomeet a threshold for the probability that the
trial leads to a successful outcome. If the analysis to be conducted following the trial is a frequentist hypothesis
test for the superiority of a new treatment over the standardtreatment, then the successful outcome would be
rejection of the null hypothesis in the test. There is no limitation with assurance that the analysis following the
trial be a frequentist test, however.

In this paper we consider the use of assurance for sample sizedetermination for RDTs. We develop an
approach based on assurance to select both the number of items to test and the threshold number of failures for
a successful RDT. We propose suitable structures for the prior distributions for the unknown model parameters
and detail how historical data can be incorporated into the assurance calculation. Following this introduction,
we detail our approach to sample size determination using assurance for failure on demand data in Section 2.
The following section illustrates the approach developed inthe context of an example. The paper concludes
with Section 4, which provides a summary of the approach and some areas for futher work.



2. Binomial reliability demonstration testing

2.1. Traditional approaches

Suppose that we haven devices which we are to put on test and thatY is the number which will fail the test.
Also defineπ to be the probability that an item survives the test. In reliability demonstration testing, for a given
n, we define a maximum allowed number of failuresc. If the actual number of failures in the test exceedsc
then the test is failed. If not, the test is passed.

Therefore, a reliability demonstration test plan (Hamadaet al, 2008) is given by the pair(n,c). The likelihood
associated with the test is typically assumed to be binomial

Y | π ∼ bin(n,1−π). (1)

Traditionally, a reliability demonstration test (RDT) would be analysed using a hypothesis test whereH0 :
π = πT , the quantityπT is the target reliability andH1 : π > πT . For a 100(1−α)% critical level, we would
rejectH0 when Pr(Y ≤ c)≤ α. That is if∑c

y=0

(n
y

)

(1−πT )
yπn−y

T ≤ α. If we setc = 0 then we could choosen
to satisfy

n ≥
log(α)

log(πT )
. (2)

Other approaches have been suggested, often based on the idea of risk criteria. In these approaches, test
plans are chosen to keep the probabilities of making the wrong conclusions from the reliability demonstration
test small. Classical risk criteria (Tobias and Trindade, 1995), average risk criteria (Easterling, 1970) and
(Bayesian) posterior risk criteria (see, for example, Chapter 10 of Hamadaet al (2008)) have been proposed.

Often in reliability demonstration testing, test plans caninvolve running large numbers of very reliable items
for long periods of time. Meeker and Escobar (2004) proposed using past observationsxxx in the analysis to re-
ducen. They named the new tests which incorporated past observations reliability assurance tests (RAT).

2.2. Assurance

If we consider the posterior risk criteria, there is no single optimal(n,c) which results. The approach also
conflates two distinct processes: the choice of sample size for the test and the analysis to be undertaken once
the test has been conducted. A result of this is that the priorused in the analysis stage is the same as that used
in the design stage. This may not be appropriate.

Assurance has been proposed (Spiegelhalteret al, 1994; O’Haganet al, 2005; Ren and Oakley, 2013) as
the correct Bayesian approach to sample size calculations in medical statistics. In the context of reliability
demonstration testing it can overcome each of the potentialdrawbacks detailed above.

Assurance chooses a sample size based on the answer to the question “what is the probability that the
reliability demonstration test is going to result in a successful outcome?”.

The probability of a successful test is given by

Pr[Successful test] =
∫ 1

0
f (y ≤ c | π)p(π)dπ (3)

=
∫ 1

0

c

∑
y=0

(

n
y

)

(1−π)yπn−y p(π)dπ, (4)

where p(π) is the prior distribution forπ and f (y ≤ c | π) is the cumulative distribution function ofy
evaluated atc, which in this case is binomial. We would like this probability to be high. We may wish to
choose a minimum acceptable valueγ.

Let us suppose that we have data from previous tests of the formxi for i = 1, . . . , I wherexi | πi ∼ bin(ni,1−
πi), and the probabilities of items surviving the test in each case can be thought of as coming from the same
prior distributionπi ∼ beta(a,b), with hyperparametersa,b. For example they could be identical components
produced in the same factory being tested at various different locations. Then, let us suppose that our proba-



bilitiy of interest also comes from the same prior distribution π ∼ beta(a,b) and that we define a hyper-prior
distribution over(a,b).

The probability of a successful test is now

Pr[Successful test| xxx] =
∫ 1

0
f (y ≤ c | π)p(π | xxx)dπ (5)

=
∫ 1

0

c

∑
y=0

(

n
y

)

(1−π)yπn−y p(π | xxx)dπ. (6)

We can sample from the posterior distributionp(π | xxx) using Markov Chain Monte Carlo (MCMC) in the
following way.

(a)GenerateN posterior draws ofa,b of the forma( j),b( j) for j = 1, . . . ,N.
(b)For j = 1, . . . ,N drawπ(1), . . . ,π(N) as

π( j) ∼ beta(a( j),b( j)). (7)

Using the draws ofπ from the posterior distribution we can evaluate the probability of a successful test, via
Monte Carlo integration, as

Pr[Successful test| xxx]≈
1
N

N

∑
j=1

[

c

∑
y=0

(

n
y

)

(1−π( j))y(π( j))n−y

]

, (8)

We can use assurance in this way to choose the sample sizen for a given value ofc. The critical number of
failuresc is chosen based on the analysis to be carried out following the test. This flexible approach allows the
use of a frequentist hypothesis test or a Bayesian analysis to be used to decide on the success or failure of the
test. If a Bayesian approach is to be used to analyse the test data, the prior for the analysis can be different to
that used here in the sample size determination.

2.3. Cut-off choice

2.3.1. Frequentist approaches

Consider the binomial test in Section 2.1. We would rejectH0 if ∑c
y=0

(n
y

)

(1−πT )
y(πT )

n−y ≤ 0.05. Therefore
we simply select the largest value ofc for which this is true.

An alternative to the exact binomial test is to use a Normal distribution to approximate the binomial distri-
bution. In this case the test statistic isZ = [c/n−πT ]/[

√

πT × (1−πT )/n] and we would choosec to be the
largest value for whichZ < Z0.05, whereZ0.05 is the 5% critical value of the standard Normal distribution.

2.3.2. Bayesian approaches

Suppose that, in the analysis of the test result, we have a prior distribution forπ of pA(π). Note that this may
be different fromp(π). Then we may choose a rule which says that if the posterior probability thatπ ≤ πT is
small, then the test is passed. That is, the test is passed if Pr(π ≤ πT | Y = y)≤ 0.05, for example.

In this case we would choosec to be the largest value for which Pr(π ≤ πT | Y = c) ≤ 0.05. This posterior
probability can be calculated as

Pr(π ≤ πT | Y = c) =

∫ πT
0 f (c | π)pA(π)dπ
∫ 1

0 f (c | π)pA(π)dπ
, (9)

=

∫ πT
0

(n
c

)

(1−π)cπn−c pA(π)dπ
∫ 1

0

(n
c

)

(1−π)cπn−c pA(π)dπ
, (10)

where f (c | π) is the probability mass function ofY evaluated atc.

This approach produces a reliability demonstration test plan, as the data have been used to calculate the



sample sizen only and not to analyse the results of the test. A reliabilityassurance test plan can also be
produced in this way by utilising the dataXXX = xxx here in the choice ofc. This can be achieved using MCMC in
the same way as when calculatingn from knownc in the previous section.
2.4. Choice of priors

In order to use assurance to decide on the optimal test plan(n,c) we need a design prior distribution forπ,
p(π), to be used in the assurance calculation and, if a Bayesian analysis is to be undertaken following the test,
a second prior distribution onπ, pA(π), to be used in the analysis.

The design prior distribution to be used in the assurance calculation, p(π) should represent the beliefs of
the producer of the items on test. They take the risk associated with the failure of the test and so it is their
probability that the test will be a success which will specify the sample size.

The design prior distribution therefore needs to be defined in terms of quantities about which we could
reasonably ask an engineer. The beta distribution parameters (a,b) are not suitable. However, we can reparam-
eterise the beta distribution so thatπ ∼beta(mp,m(1− p)), wherep = a/(a+b) is the mean andm = a+b is
the size of the “prior sample” which the mean is based on. We can then define suitable hyper-prior distributions
on (p,m), such as

p ∼ beta(ap,bp), (11)

m ∼ gamma(am,bm). (12)

In the analysis following the test, the prior distribution of the producer may be deemed a controversial choice.
There could be several different groups of people who will be affected by the decisions made following the
success or failure of the test. Therefore, it may be more reasonable in the analysis of the test data to use a prior
distribution which is relatively conservative. We call such a prior a sceptical prior.

The sceptical prior should be designed so that there is only a small probability thatπ > πT . So, for example,

if a beta(α,β ) distribution is assumed forpA(π), then we might choose(α,β ) to satisfy 1−
B(πT ;α,β )

B(α,β )
= δ ,

whereδ = 0.05.

3. Example

We consider an example from Marzet al (1996). We would like to demonstrate the reliability of an emergency
generator in a nuclear power plant. We will compare assurance based on two analysis methods: the exact
binomial test and the Bayesian approach using a sceptical analysis prior. In the binomial test we rejectH0 if
p < 0.05 and in the Bayesian approach we conclude that the test is passed if Pr(π ≤ πT | Y = y)≤ 0.05.

We choose a beta distribution for the sceptical analysis prior with α = 13.6 andβ = 2. This gives Pr(π >

πT ) = 0.05. For the design priorp(π) we choose to give(m, p) gamma and beta priors respectively with
parameter values chosen to be(78,2) and(200,1). This equates to a prior mean with an expected value of
0.975 based on a prior sample with an expected value of 200. Weconsider a target reliability of 0.975.

Based on these specifications, we can plot the sample sizen against the assurance for both of the approaches.
This is given in Figure 1.

The binomial test case is the solid line and the sceptical prior case is the dashed line. We see that the binomial
test gives the highest assurance for any particular sample size and the sceptical prior the lowest assurance in
this case. The lines are decreasing asc remains constant butn increases, and then jump each timec increases.
To achieve an assurance of 35% in this case would requiren = (418,567) under the respective methods. We
cannot achieve an assurance of greater than about 50% in thiscase.

However, we have data on the behaviour on demand of generators of the same type at other plants.

The data represent tests of 63 generators in nuclear power plants in the USA. In each case the number of
failures on demand of the generator out of the total number ofdemands was recorded. The number of demands
and the porportion of failures in the tests are given in Figure2.
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Figure1. The sample sizen against the assurance for the binomial test (solid line) andthe sceptical prior (dashed
line).
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Figure2. The number of demands and proportion of failures of 63emergency generators in nuclear power
plants.

We see that we have some fairly large test data sets and that the failure proportions recorded in the test are
very low, typically below 3%.

Using the same assurance prior as above, we generate 10,000 samples of(p,m) from the posterior predictive
distribution in rjags , having discarded 1000 samples as burn in.

We are able to calculate the assurance for both of the methodsas above using this posterior distribution for
π. The results for different values of the sample size are givenin Figure 3.

We see, by incorporating the data into the analysis, that we are able to provide a reliability assurance test
which gives assurances of up to approximately 90%. To ensureassurance of 35% now only requires sample
sizes ofn = (119,243) for the analysis methods, both of which are much reduced. Using the sample sizes from
the prior calculations would give assurances of(0.715,0.725) respectively.

4. Summary

In this paper we have considered the problem of sample size determination in reliability demonstration tests for
hardware products leading to failure on demand data. The approach we have taken is to use the Bayesian con-
cept of assurance, which chooses the sample size to answer the question “what is the probability that the RDT
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Figure3. The sample sizen against the assurance for the binomial test (solid line) andthe sceptical prior (dashed
line).

will lead to a successful outcome?”. It can be used in conjunction with either frequentist or Bayesian analyses
of the data following the test and, unlike typical risk criteria based approaches, separates the specification of
prior beliefs in the design of the test from the prior to be used in the analysis following the test. Historical data
can be incorporated into the sample size calculation without influencing the analysis of the RDT.
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