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Abstract Frequently, manufacturers are required to demonstratptbdticts meet reliability targets. A typical
way of doing this is to use reliability demonstration te®®{'s), in which a number of products are put on
test and the test is passed if a critical number or fewer Tdikre are various methods for determining the
sample size for such tests. Traditionally this was basecdersize of a hypothesis test following the RDT.
More recently, Bayesian approaches have been proposed badhe idea of risk criteria. However, these
approaches do not lead to a single, optimal sample size arfthtmthe choice of sample size for the test and
the analysis to be undertaken once the test has been codduncthis paper we offer an alternative approach
to sample size determination based on the idea of assurBinieeapproach can overcome each of these issues
with risk criteria. Assurance chooses the sample size tovanthe question: “What is the probability that the
RDT will result in a successful outcome?” We demonstrataugeeof assurance for sample size calculations in
binomial RDTs and discuss the specification of prior distidng for the design and analysis of the test.

1. Introduction

Hardware products are required to have high levels of riitiglparticularly those which provide safety-critical
functions within larger systems. It is therefore crucialttthe users of such hardware products have confidence
in the reliability claimed by the manufacturers. A typicabawidely used approach to provide this confidence
is through the use of a reliability demonstration test (RDi which a number of the hardware products are
put on test and the number which fail is observed. If the nurabfailures is below some pre-defined threshold
then the test is said to be passed and the reliability of tbdymt is demonstrated (Elsayed, 2012).

The design of an RDT is therefore given by the number of itentsoputest and the number of failures
which are allowed for the test to be passed. An additionasiclemation which affects the test plan is the type
of hardware product which is of interest. In this paper wesoder products which are required to function on
demand and can either work or fail, such as a parachute.

Calculating sample sizes for RDTs has been considered dtdedsr back as the 1960s. A traditional
approach was to choose the sample size to give a specifiedf sizgypothesis test (see, for example, Section
3 of Meeker and Escobar (2004)). Another widely investigatpproach is based on the idea of risk criteria,
which evaluate the risk to the producer of the product andworer of the product associated with incorrect
conclusions from the RDT (Easterling, 1970; Marz and Wallég82; Hamadat al, 2008).

Assurance (also known as expected power and average poagst)een proposed (Spiegelhadieasl, 1994;
O’Hagan and Stephens, 2001) as the correct Bayesian methodléolating sample sizes in clinical trials. It
is based on the notion that the sample size should be choseadba threshold for the probability that the
trial leads to a successful outcome. If the analysis to bewated following the trial is a frequentist hypothesis
test for the superiority of a new treatment over the stantteatment, then the successful outcome would be
rejection of the null hypothesis in the test. There is no ktiin with assurance that the analysis following the
trial be a frequentist test, however.

In this paper we consider the use of assurance for sampledsizemination for RDTs. We develop an
approach based on assurance to select both the number stddest and the threshold number of failures for
a successful RDT. We propose suitable structures for tloe gistributions for the unknown model parameters
and detail how historical data can be incorporated into #seii@nce calculation. Following this introduction,
we detail our approach to sample size determination usisigrasce for failure on demand data in Section 2.
The following section illustrates the approach developethécontext of an example. The paper concludes
with Section 4, which provides a summary of the approach antesareas for futher work.



2. Binomial reliability demonstration testing
2.1. Traditional approaches

Suppose that we havedevices which we are to put on test and tias the number which will fail the test.
Also definerrto be the probability that an item survives the test. In kelity demonstration testing, for a given
n, we define a maximum allowed number of failuedf the actual number of failures in the test exceeds
then the test is failed. If not, the test is passed.

Therefore, a reliability demonstration test plan (Hametd#, 2008) is given by the paiin, c). The likelihood
associated with the test is typically assumed to be binomial

Y | m~bin(n,1— m). (1)

Traditionally, a reliability demonstration test (RDT) wdube analysed using a hypothesis test whéye
1T = 18, the quantityrsr is the target reliability and; : 71> 7. For a 1001 — o )% critical level, we would
rejectHo when PtY <c) < a. Thatis ify§_ (3) (1— %)Y Y < a. If we setc = 0 then we could choose
to satisfy

n> Jool@) )
log(7er)

Other approaches have been suggested, often based on ahef idsk criteria. In these approaches, test
plans are chosen to keep the probabilities of making the gvcomclusions from the reliability demonstration
test small. Classical risk criteria (Tobias and Trindadg93), average risk criteria (Easterling, 1970) and
(Bayesian) posterior risk criteria (see, for example, G&ap0 of Hamadat al (2008)) have been proposed.

Often in reliability demonstration testing, test plans ogamlve running large numbers of very reliable items
for long periods of time. Meeker and Escobar (2004) proposatgypast observationsin the analysis to re-
ducen. They named the new tests which incorporated past obsemgatdiability assurance tests (RAT).

2.2. Assurance

If we consider the posterior risk criteria, there is no singptimal (n,c) which results. The approach also
conflates two distinct processes: the choice of sample sizbéaest and the analysis to be undertaken once
the test has been conducted. A result of this is that the psed in the analysis stage is the same as that used
in the design stage. This may not be appropriate.

Assurance has been proposed (Spiegelhattal, 1994; O’Hagaret al, 2005; Ren and Oakley, 2013) as
the correct Bayesian approach to sample size calculatronseidical statistics. In the context of reliability
demonstration testing it can overcome each of the potesi@aVbacks detailed above.

Assurance chooses a sample size based on the answer to gimmuwhat is the probability that the
reliability demonstration test is going to result in a sig=sfal outcome?”.

The probability of a successful test is given by

PrSuccessful test= /: f(y<c|mp(mdmn (3)

L3 (e

where p(m) is the prior distribution forrr and f(y < c | m) is the cumulative distribution function of
evaluated at, which in this case is binomial. We would like this probalilto be high. We may wish to
choose a minimum acceptable value

Let us suppose that we have data from previous tests of thefdomi = 1,...,| wherex | 75 ~ bin(n;,1—
1), and the probabilities of items surviving the test in eackecean be thought of as coming from the same
prior distribution7g ~ betda, b), with hyperparameters b. For example they could be identical components
produced in the same factory being tested at various diffdogations. Then, let us suppose that our proba-



bilitiy of interest also comes from the same prior distribatrt ~ betga, b) and that we define a hyper-prior
distribution over(a,b).
The probability of a successful test is now

PrSuccessful tegtx] = /01 f(y<c|mp(m|x)dmr (5)

— /Olyi (;) (1—nm)Yn"Yp(rr| x)d7t. (6)

We can sample from the posterior distributip(vt | X) using Markov Chain Monte Carlo (MCMC) in the
following way.
(a)GeneratéN posterior draws o#, b of the forma(}),b(}) for j = 1,...,N.
(b)Forj=1,... NdrawrV ..., V) as

i) ~ betdad), b)), @)

Using the draws oft from the posterior distribution we can evaluate the prolifgitmf a successful test, via
Monte Carlo integration, as

N

PriSuccessful tegix] ~ % > [i} (;) (1— n(i))y(n(i))n—y] : 8)
y:

=1
We can use assurance in this way to choose the sampla &rea given value ot. The critical number of
failurescis chosen based on the analysis to be carried out followiagetst. This flexible approach allows the
use of a frequentist hypothesis test or a Bayesian anaty$is tised to decide on the success or failure of the
test. If a Bayesian approach is to be used to analyse theatsttte prior for the analysis can be different to
that used here in the sample size determination.

2.3. Cut-off choice
2.3.1. Frequentist approaches

Consider the binomial test in Section 2.1. We would refégtf 3 (y) (1~ 7 )Y(7)"Y < 0.05. Therefore
we simply select the largest valueofor which this is true.

An alternative to the exact binomial test is to use a Normstrithiution to approximate the binomial distri-
bution. In this case the test statisticZs= [c/n— 7&]/[\/7T& x (1— 1) /n] and we would choose to be the
largest value for whiclZ < Zp g5, whereZg g5 is the 5% critical value of the standard Normal distribution

2.3.2. Bayesian approaches

Suppose that, in the analysis of the test result, we have agiswibution for T of pa(77). Note that this may
be different fromp(7). Then we may choose a rule which says that if the posteriorgtibty that 77 < 7% is
small, then the test is passed. That is, the test is passedifkPre | Y =y) < 0.05, for example.

In this case we would choogdo be the largest value for which@r< 7 | Y = ¢) < 0.05. This posterior
probability can be calculated as

i< 7 | ¥ =) = o (€1 Wpa(maT
Jo f(c| mpa(mdm
B o () (1—men"Cpa(mdm
Jo (5)(1—mem-cpa(mydm
wheref (c| m) is the probability mass function of evaluated at.
This approach produces a reliability demonstration test,pda the data have been used to calculate the

9)

(10)



sample sizen only and not to analyse the results of the test. A reliab#éigsurance test plan can also be
produced in this way by utilising the da¥a= x here in the choice af. This can be achieved using MCMC in

the same way as when calculatingrom knownc in the previous section.
2.4. Choice of priors

In order to use assurance to decide on the optimal test(plan we need a design prior distribution for,
p(r), to be used in the assurance calculation and, if a Bayesalpsiis to be undertaken following the test,
a second prior distribution om, pa(71), to be used in the analysis.

The design prior distribution to be used in the assuranceauledion, p(77) should represent the beliefs of
the producer of the items on test. They take the risk assaocigith the failure of the test and so it is their
probability that the test will be a success which will spgtife sample size.

The design prior distribution therefore needs to be define@rmg of quantities about which we could
reasonably ask an engineer. The beta distribution parasii@té) are not suitable. However, we can reparam-
eterise the beta distribution so that-betgmp,m(1— p)), wherep = a/(a+b) is the mean anch=a+bis
the size of the “prior sample” which the mean is based on. Wetoen define suitable hyper-prior distributions
on (p,m), such as

p ~ betday, by), (11)
m~ gammaap, by). (12)

In the analysis following the test, the prior distributiditiee producer may be deemed a controversial choice.
There could be several different groups of people who will fhected by the decisions made following the
success or failure of the test. Therefore, it may be more nedde in the analysis of the test data to use a prior
distribution which is relatively conservative. We call B prior a sceptical prior.

The sceptical prior should be designed so that there is ortyadl probability thatrt > 5. So, for example,

if a betg a, B) distribution is assumed fqua(71), then we might choosgx, ) to satisfy 1— W =9,

whered = 0.05.

3. Example

We consider an example from Maetzal (1996). We would like to demonstrate the reliability of anezgency
generator in a nuclear power plant. We will compare asserdased on two analysis methods: the exact
binomial test and the Bayesian approach using a sceptieysis prior. In the binomial test we rejeldy if

p < 0.05 and in the Bayesian approach we conclude that the tessseg@a P(rr< 7 | Y =y) < 0.05.

We choose a beta distribution for the sceptical analysis pvith o = 13.6 andf3 = 2. This gives Pt >
1) = 0.05. For the design priop(71) we choose to givém, p) gamma and beta priors respectively with
parameter values chosen to (#8,2) and (200 1). This equates to a prior mean with an expected value of
0.975 based on a prior sample with an expected value of 20@owsder a target reliability of 0.975.

Based on these specifications, we can plot the sampla sigainst the assurance for both of the approaches.
This is given in Figure 1.

The binomial test case is the solid line and the sceptical pase is the dashed line. We see that the binomial
test gives the highest assurance for any particular saniggeand the sceptical prior the lowest assurance in
this case. The lines are decreasing asmains constant butincreases, and then jump each timiacreases.

To achieve an assurance of 35% in this case would requiré418 567) under the respective methods. We
cannot achieve an assurance of greater than about 50% tatdgs

However, we have data on the behaviour on demand of genefttite same type at other plants.

The data represent tests of 63 generators in nuclear powas ptathe USA. In each case the number of
failures on demand of the generator out of the total numbdeofands was recorded. The number of demands
and the porportion of failures in the tests are given in Figure



0.3 0.4 0.5
| | |

Assurance

0.2
|

0.1
|

T T T T T
0 500 1000 1500 2000

Sample size

Figurel. The sample sizeagainst the assurance for the binomial test (solid lineXh@dceptical prior (dashed
line).
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Figure2. The number of demands and proportion of failures oé@rgency generators in nuclear power
plants.

We see that we have some fairly large test data sets and thtgililre proportions recorded in the test are
very low, typically below 3%.

Using the same assurance prior as above, we generate 18/@pes of p, m) from the posterior predictive
distribution in rjags , having discarded 1000 samples as iour

We are able to calculate the assurance for both of the mettwdbove using this posterior distribution for
1. The results for different values of the sample size are givéigure 3.

We see, by incorporating the data into the analysis, thatrealle to provide a reliability assurance test
which gives assurances of up to approximately 90%. To eresserance of 35% now only requires sample
sizes ofn = (119 243) for the analysis methods, both of which are much reduceahdthie sample sizes from
the prior calculations would give assurance$®715 0.725) respectively.

4. Summary

In this paper we have considered the problem of sample steendimation in reliability demonstration tests for
hardware products leading to failure on demand data. Theappmwe have taken is to use the Bayesian con-
cept of assurance, which chooses the sample size to ansvguéistion “what is the probability that the RDT
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Figure3. The sample sizeagainst the assurance for the binomial test (solid lineXh@dceptical prior (dashed
line).

will lead to a successful outcome?”. It can be used in cortjanavith either frequentist or Bayesian analyses
of the data following the test and, unlike typical risk crigebased approaches, separates the specification of
prior beliefs in the design of the test from the prior to bedlisethe analysis following the test. Historical data
can be incorporated into the sample size calculation withidlwencing the analysis of the RDT.
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