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The good old days

I would not class myself as old but,
equally, I can no longer claim to be in
the first flush of youth. And, whilst I

am not always the most observant of peo-
ple, I have managed to spot some of the
trends that have occurred during my life-
time. If our younger readers will forgive
the trip down memory lane, I remember
the advent of the Sony Walkman or, more
generically, the portable, personal music
player – although many passengers on pub-
lic transport may take issue with my use of
the word ‘personal’.

Of course, in that case, music came
on cassette tapes. By modern stand-
ards, this constrained the amount of mu-
sic that could be listened to (and carried

An idealised implementation of this
CRN is shown in Figure 1. We begin with
slightly less ofX1 thanX2 and no Y . Over
time, the reaction progresses so that all of
the X1 (and most of the X2) is converted
into Y .

There are several ways that we can
view this system. As described above, the
system implements Y = min (X1, X2).
Alternatively, we can view the initial states
of X1 and X2 as encoding a high signal, in
which case we have implemented an and
gate. Depending on our motivation, either
of these may be more natural: if we are try-
ing to represent a system then finding the
minimum of two values may be useful; or,
if we are trying to encode a logic circuit in
a CRN, then logic gates are required.

on one’s person). In my day, the standard was a 90-minute tape,
45 minutes on each side. Whilst theoretically possible, finding a
particular song within that 45 minutes was practically very diffi-
cult. So, at least in my case, music was listened to sequentially,
in the order that the artist intended.

Nowadays, with digital formats and modern devices, you can
carry around almost endless amounts of music (and video). You
can also call up any track as and when you desire, assuming you
can remember that you have it, of course. You can even create
your own playlists, choosing which tracks come in which order.

I am not a music critic and I do not understand enough about
people and their behaviour, to say how these changes have af-
fected people and their listening habits, but, it seems to me, that
the move from analogue-to-digital music storage is part of a much
wider trend. Indeed, you could say that the past decades have seen
the rise of the digital.

Computation

Currently, computation is mainly a digital endeavour, but this was
not always the case. For example, the Antikythera mechanism
dates from around the second century bce. This mechanical (or
analogue) computer tracks the cycles of the Solar System. Given
the importance of computing to our lives, it is perhaps not sur-
prising that there are modern implementations of analogue com-
putation, including chemical reaction networks (CRNs).

In simple terms, a CRN operates over a finite set of species,
S. In that context, a reaction is a tuple: (R,P, k) ∈ NS × NS ×
(0,∞), with R being reactants, P being products and k being
rates. A collection of one or more reactions, over the same set of
species, is a CRN.

As an example, consider the following single-reaction CRN:

X1 +X2
1−→ Y. (1)

This has three species: X1 and X2 are reactants, and Y is a prod-
uct. The rate is indicated by the number above the arrow. For
simplicity, if the rate is not indicated, it is assumed to be unity.

Figure 1: Idealised implementation of (1)

Polynomial equations

We can also use CRNs to solve equations or, equivalently, to
calculate algebraic numbers. Consider the polynomial equation
P (x) given by:

P (x) = cnx
n + cn−1x

n−1 + · · ·+ c0.

We assume that c0 ≥ 0, using −P (x) if this is not the case,
and construct a CRN that finds the smallest positive root of this
equation. Furthermore, we will do this using only one species.
The construction uses the following rules:

If ck > 0 add kX
ck−→ (k + 1)X,

If ck < 0 add kX
|ck|−−→ (k − 1)X.

To make this concrete, consider P (x) = −x2 + 2 with
c2 = −1, c1 = 0 and c0 = 2. Hence, we need these reactions:

∅ 2−→ X, [c0]

2X
1−→ X. [c2]

(2)

Note that, the first reaction begins with the empty set. That is,
X is apparently created out of nothing. We will briefly return
to this topic later. For the moment, assume that this is, in some
way, possible. The results of an idealised implementation of this
system are shown in Figure 2. It is apparent that, over time, X
reaches the correct value (shown by the dashed line).
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Figure 2: Idealised implementation of (2)

To provide an intuitive understanding of why this is the case,
we consider the link between CRNs and ordinary differential
equations (ODEs). In particular, we link species X with quan-
tity x and consider the evolution of this quantity with time. Each
reaction contributes to this evolution as shown below:

kX
ck−→ (k + 1)X,

dx
dt

= ckx
k,

kX
|ck|−−→ (k − 1)X,

dx
dt

= −|ck|xk.

Given the above, it is apparent that the CRN dynamics satisfy
dx/dt = P (x). We start with x = 0 and, since we have guaran-
teed c0 > 0, we know that x must begin to increase. When x
reaches the first positive root of P (x), we have, by construction,
dx/dt = 0. So, x remains at that constant value.

Trigonometric functions

CRNs can also be used to calculate trigonometric functions. The
reactions to calculate cos are shown in (3). The output from an
idealised implementation is illustrated in Figure 3.

FM
1−→ FM + ZP ,

FP
1−→ FP + ZM ,

ZP
1−→ ZP + FP ,

ZM
1−→ ZM + FM ,

FM + FP
1000−−−→ ∅,

ZM + ZP
1000−−−→ ∅.

(3)

As this example illustrates, working with CRNs, even in their
idealised form, can be complicated. In particular, when working
with CRNs, we measure the concentration of a species, which,
by definition, is a positive value. Conversely, cos covers the
range [−1,+1]. To account for this, Equation (3) has two output
species, FP and FM . The first of these covers the positive part
of the cos range, the latter covers the negative part (multiplied by
−1). Equivalently, our desired output is given by FP − FM .

Figure 3: Idealised implementation of (3)

The last two reactions in Equation (3) are annihilation reac-
tions, which act to ensure one of FM and FP always remains
small (and similarly for ZP and ZM ). The faster the rate of these
annihilation equations, the neater the handover between FP and
FM . Close observation of Figure 3 suggests, that even in our ide-
alised situation, this handover is noticeably imperfect, so a rate
greater than 1000 would probably be preferable.

To understand why the CRN in Equation (3) produces cos, we
note that the six reactions result in the following ODEs:

dFM

dt
= −1000FMFP + ZM ,

dFP

dt
= −1000FMFP + ZP ,

dZM

dt
= FP − 1000ZMZP ,

dZP

dt
= FM − 1000ZMZP .

It follows that d2(FP − FM )/dt2 = −(FP − FM ). More
generally, we have created a system that, for a general function f ,
satisfies f ′′ = −f . This, together with an appropriate initialisa-
tion condition at time zero, delivers us cos. Obviously, a different
initialisation condition would yield sin.

Dynamical systems

Previous discussions have focused on the link between CRNs and
ODEs. Given this link, it is natural to use CRNs to represent dy-
namical systems, for example the Lotka–Volterra predator–prey
model. In this case, our reactions (using X1 as prey and X2 as
predator) are

X1 +X2
0.00005−−−−−→ 2X2,

X1
0.0033−−−−→ 2X1,

X2
0.0033−−−−→ ∅.

(4)

For completeness, the phase plot resulting from an idealised
implementation is shown in Figure 4.

Despite their obvious link to CRNs, there are some ODEs that
cannot easily be implemented in this manner. As an example,
consider the Lorenz attractor, which has three variables (x, y and
z) governed by three parameters (σ, ρ and β) and the following
equations:

dx
dt

= σ (y − x) ,

dy
dt

= −xz + ρx− y,

dz
dt

= xy − βz.

In this case, it seems there is no easy way to achieve the −xz
term in dy/dt. This is because species are only consumed (that
is, their quantity reduces, and their time derivative is negative) if
they are reactants in an equation. In that case, the speed of the re-
action is influenced by the concentration of the relevant species.
So, the species itself has to appear in a negative term. Hence,
whilst we could (in dy/dt) easily create a term −xyz, we can-
not easily create a term −xz. There are ways of transforming
ODEs to produce CRNs that exhibit similar kinetics, so a CRN
can model the Lorenz attractor, but their consideration is outside
the scope of this article.
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Figure 4: Idealised implementation of (4)

Implementation details

The previous discussions have, hopefully, illustrated some of the
interesting features of CRNs as a computing medium. We have
shown they are able to model logic gates, to solve equations (and
calculate algebraic numbers), to represent trigonometric func-
tions and to model dynamical systems. In addition, as a review
of the literature shows, amongst other things, they are capable of
playing rock-paper-scissors and implementing neural networks.
More particularly, they represent a Turing complete computa-
tional system.

However, we have repeatedly stressed the notion of an ide-
alised implementation. We have also allowed species to be cre-
ated from nothing, for example in (2). These considerations
prompt the question: can CRNs be implemented in practice? If
so, how easy is this?

Apparently, one way this may be achieved is through DNA
strand displacement (DSD) or, more formally, toehold-mediated
branch migration and strand displacement. I readily admit that
the full details of this process are beyond my area of expertise;
to be honest, the same could be said of the basic details of the
process as well. However, the literature describes a number of
schemes that can compile from CRN to DSD. In some cases
the equivalence between the theoretical (CRN) and implemented
(DSD) mechanisms can be proven; in other cases it cannot.

These schemes extend the types of species. In addition to re-
actants and products (used above, and more generally termed sig-
nal species), there are also intermediate species and fuel species.
In simple terms, the former break the idealised reactions into
physically implementable steps, whilst the latter catalyse reac-
tions and control the sequence of execution. Table 1 shows the
number of such species used in the CRNs described above.

Of course, it would be unrealistic to expect actual DNA-based
implementations to behave in exactly the same way as the ide-
alised representations (based on ODEs) illustrated above. In real-
ity, the biological system will involve large numbers of molecules,
which will interact in a stochastic fashion. Hence, a key consid-
eration of CRNs is their robustness: for example, the system cre-
ated in the polynomial root-finding example is such that the cal-
culated (smallest positive) root is an exponentially stable point in
the ODE-defined system.

There are other challenges as well. For example, DNA-based
implementations of CRNs tend to calculate an answer over a rel-
atively long period (for example, hours).

Table 1: Number of intermediate and fuel species used

CRN Intermediate Fuel
(1) 4 3
(2) 8 6
(3) 30 14
(4) 15 7

The good new days

CRNs and DNA-based computing are not going to replace tradi-
tional digital forms. Despite that, they are interesting for a num-
ber of reasons. For example, they provide a different way of look-
ing at computation-related problems and, in my experience, dif-
ferent ways of looking at things often lead to insights.

More importantly, when encoded using DNA strands, a pro-
gram has a physical structure. Rather than using a program to
control a device that interacts with the real world, that interac-
tion can happen directly with the program itself. This opens up
huge possibilities, including nanoscale engineering and the use
of DNA-based nanostructures as drug delivery carriers.

Whilst the rise of the digital has brought many benefits, CRNs
(and DNA-based computing) demonstrate there are still areas
where analogue approaches have great value. Hence, person-
ally speaking, I am very much looking forward to some ‘good
new days’ where the analogue and the digital combine so we can
have, to quote Hannah Montana (who sounds great regardless of
medium), ‘the best of both worlds’!

Sources

Details of the Antikythera mechanism are available from www.
antikythera-mechanism.gr. Compilation from CRNs to DSD
and the simulations of idealised behaviours were achieved using
the Nuskell compiler, which is available from github.com/DNA-
and-Natural-Algorithms-Group/nuskell. This includes a
number of different CRN-to-DSD compilation schemes.

The polynomial root-finding example is taken from [1]. The
cosine function is based on an example in [2]. The Lotka–
Volterra model is taken from [3].
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