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Introduction

I n the recent Covid-19 pandemic, the UK government ur-
gently required scientific information to inform policy. Sci-
entific advice in the UK is received via the Chief Scien-

tific Advisers and the Scientific Advisory Group for Emergen-
cies (SAGE), which is convened to support the government in
emergencies. The Scientific Pandemic Influenza Group on Mod-
elling Operational sub-group (SPI-M-O) is responsible for pro-
viding epidemiological modelling advice to SAGE [1].

During the pandemic, epidemiological modelling terms, such
as the reproduction number (R), became common parlance and
forecasts of daily incidence, deaths and hospitalisations were ev-
erywhere. Estimates for these quantities were provided by a large
number of academic groups to SPI-M-O every week. However,
multiple estimates are difficult to interpret and act upon, so how
do you turn a set of predictions into advice that is unbiased, open,
transparent and rigorous?

This article describes how a dedicated team of scientists at
the Defence Science and Technology Laboratory, who specialise
in uncertainty quantification, combined the outputs of between
three and 15 world-class models into a single, robust estimate that
could inform decisions within hours. To do this, they pioneered
a methodology that is now accepted as best practice. The article
goes on to explain why model combination is so important and
how the mathematics community can use this as a starting point
to improve future advice. It will also describe how statistics can
be visualised to make them easier to understand, and it will look
at why uncertainty quantification is currently one of the most im-
portant open problems in statistics research.

Accuracy and uncertainty

As a mathematician, I have always loved mathematics, the step-
by-step logic and that there is a right answer. There is no debate
or argument about a proof after it has been accepted and verified.
However, as soon as we move away from the abstract and start to
use mathematics to model the real world, randomness gets in the
way and we end up with uncertainty. The wonderful, beautiful
complexity of our world and the actions of the people in it refuse
to submit to something as constraining as a mathematical model.
So, how do we as mathematicians account for reality?

It seems to me that there are three possible approaches:

1. We can create more and more complex models at higher
and higher fidelities, trying to recreate the complexity we
see all around us.

2. We can accept that we will never be able to model reality
accurately but instead try to create a simple model with an
accurate estimate of our uncertainty.

3. We can look at all of the currently available models and
combine them into a single, uncertain estimate that we
might hope encompasses that wonderful complexity of data
and the many levels of fidelity.

There are benefits in all three approaches; however, I think
that by combining the best that there is, we can always gain a
better understanding.

Model combination for Covid-19

Model combination as an approach is not new. It has been dis-
cussed in the meteorological literature for years [2]. However, in
other communities, it is still in its infancy, and there were only
a few people working on model combination for epidemiology
when Covid-19 hit in 2020. My team and I were some of those
people, and the tool we developed, CrystalCast [3], was probably
at the highest technology readiness level of all of them. Crys-
talCast can combine predictions from many different models and
is used to understand and synthesise the various modelling out-
puts available in the UK [4]. However, getting the model outputs
into the system and finding a way to combine single-number esti-
mates, such as the R value, was something we had to develop as
we went along, and we had to do it while maintaining a defensible
technology readiness level.

Again, these problems are not new. Implementing a method
that allowed UK epidemiological modellers to submit their model
output as a file was a matter of defining a template and setting up
a server. The innovation came from a conscientious team who
felt that the modellers ought to be able to see what they had sub-
mitted as estimates of the course of the epidemic plotted against
past data. This allowed tired modellers to instantly check that the
data they were uploading were as intended, and it mitigated data
and transcription issues. This visualisation also served as the ba-
sis for the later combined visualisations, which helped decision
makers to understand what were, in fact, quite complex outputs,
but more of that later.

Finding a method of combining point estimates was differ-
ent. There were many possible mathematical constructs that
could have been used. To some extent, it was a case of picking
what worked; however, what we chose was pretty constrained. It
needed to be a method that was well researched and recognised, as
there was no time to peer review something new. It also needed to
be something that could be understood and was simple to imple-
ment. It had to learn from the multiple estimates without making
too many assumptions. The method that seemed to fit these cri-
teria best was meta-analysis [5]. This article explores why it is
an obvious choice, but also why it is nowhere near the end of the
story.

What is the R number anyway?

During the pandemic, the R number was often bandied around,
but underneath a seemingly simple concept are a number of key
assumptions. A really good discussion can be found in a paper
by many of the contributors to SPI-M [4], but I will do my best
to summarise.

R is the effective reproduction number. It is defined for a spe-
cific time point, so it is more formally written as R(t). It is the
infectious potential of a disease at time t and is defined as the av-
erage number of secondary cases per primary case at a specific
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time. It is different from the basic reproduction number R(0),
which is the number of secondary cases per primary case at the
beginning of an epidemic in an entirely susceptible population.
This is because, during the course of an epidemic, the number of
susceptible people drops and therefore, so does R(t). Now, the
reason that R(t) became so important is that it is a way to track
the future of an epidemic; if R(t) = 1, the number of infected
people will remain constant. If R(t) > 1, then the number of
infections will grow exponentially. To bring an epidemic under
control, you need R(t) to be below 1.

So, why is the R(t) value problematic then? The issue here
is not the simplicity of the value but the difficulty in trying to
estimate what the value is. If we could go out and find every in-
fected individual in the population we are interested in and then
monitor who they infect, we would know R(t). The problem is
that we can’t do that. The population is huge, and many of the
infections are from asymptomatic, unobserved transmission, so
we have to estimate R(t). Now, there are several ways to do this,
for example from the number of cases or deaths, or from survey
data or models of the status of the epidemic or a combination of
all of these. Unfortunately, all of these methods need data, which
is inherently very uncertain and often biased. However, we have
lots of data streams and lots of world-class modellers who can all
use their models to estimate R. This is where our chosen combi-
nation method, meta-analysis, comes in [6].

Meta-analysis

A meta-analysis is the process of synthesising data from a series
of separate scientific studies [7]. It is a well-known and estab-
lished method, used ubiquitously in fields such as medicine, cli-
mate science, psychology and education. It is applied when there
have been lots of different experiments, and we want to combine
the results into something more powerful. It is a rapid and sim-
ple approach, and crucially, it allows for uncertainty in the input
estimates and provides easy-to-interpret outputs.

Figure 1: A simulation study was undertaken where bias and
skew were randomly added to real model predictions to assess
robustness. Full details of the study can be found in [6].

However, it is not perfect. If all of the studies are biased, then
it too will be biased. If all of the studies are linked, it will bor-
row power where there is none. Finally, if the estimated input
uncertainties are unrealistically narrow, it may up-weight these
estimates, unless you are careful in the type of meta-analysis you
do.

A detailed analysis of all of the potential methods can be
found in [6]; however, the best method turned out to be an equally
weighted random effects model:

θ̂i = θi + εi, θi ∼ N(θ, τ2), (1)

where θi is the true value (or effect size) of interest for prediction
i (for a set of i = 1, . . . , k predictions). θ̂i is the estimated value
of prediction i, θ is the average value across all predictions and
εi are the within-prediction errors. θi is sampled from a distribu-
tion, typically assumed to be normal, of mean θ and variance τ2,
which is the heterogeneity variance parameter [8].

The combined estimate θ̂, with associated variance Var(θ̂),
can be calculated as follows:

θ̂ =

∑k
i=1 wiθ̂i∑k
i=1 wi

,

Var(θ̂) =

(
1∑k

i=1 wi

)2 k∑
i=1

wi
2(σ̂i

2 + τ̂2),

(2)

where wi denotes the weighting applied to the prediction i, σ̂i
2

the estimated variance of the prediction i and τ̂2 the estimated
heterogeneity variance parameter, which is a measure of the het-
erogeneity (or variability) between estimates.

The standard weighting applied in a meta-analysis uses in-
verse variance, whereby wi = 1/(σ̂i

2 + τ2); however, because
in many of the models the uncertainty estimate is linked to the
accuracy of the model (quite accurate), not the accuracy of the
estimate (very dependent on data and assumptions, so not very ac-
curate), this produces far too much certainty. Therefore, instead,
we equally weight models so that wi = 1/k. The corresponding
combined estimate θ̂ and associated variance Var(θ̂) from equa-
tion (2) become:

θ̂ =
1

k

k∑
i=1

θ̂i,

Var(θ̂) =
1

k2

k∑
i=1

(σ̂i
2 + τ̂2).

(3)

There are a number of parameters here that need to be esti-
mated. This is a standard estimation task and we have a method
for taking the best estimates of R(t), which we get from all of our
best epidemiologists, to produce one synthesised view.

The next sensible question is ‘How good is it?’ The benefit of
this approach is that it is robust to the number of predictions we
have. If we have only one prediction, that would be our combina-
tion. The performance of the combination is actually dependent
on how good the individual predictions are. However, the benefit
of the combination is that even if some of the individual estimates
are biased or skewed, the combination is still fairly robust. The
combination can tolerate up to a third of the input models be-
ing biased or skewed before it begins to get its estimates ‘wrong’
(Figure 1). Even then, as long as they are not all wrong in the
same way, the estimate is still very good.
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It is also pleasingly robust to correlated input models, which
is a concern, as there is no easy way to check how similar mod-
els from different academic groups using different data streams
might be. So, while in any given week a single model may pro-
duce a ‘better’ estimate – in that it has less uncertainty and still
contains the true but unknown value of R – as we have no knowl-
edge of which model that might be until afterwards, the combi-
nation is better overall.

An important question remains though. Is this the mathemat-
ically optimal combination method? The answer is that we do not
know. It definitely works well, and it is very robust to many fac-
tors of concern [6], but assessing whether it is optimal requires a
lot more research. It was definitely good enough and the best that
we had at the time. It was better than individual estimates, and it
is an accepted and validated method. But like anything in life, I
think we can improve upon it given enough time and effort.

I, therefore, hope that in the months and years to come, oth-
ers will take up the baton and develop new combination methods,
identify when they work best and when they break down, and de-
termine whether using some criteria to decide which models are
combined would improve accuracy. This effort in parallel with
ongoing work on how complex models should be and how un-
certainty can be calculated will surely prepare us better for these
kind of events in the future.

However, even while this work is continuing, there are other
efforts that are also needed. For me, the real key is the research
underway into presenting information to non-mathematicians be-
cause even as we are starting to realise the importance of uncer-
tainty, it is becoming increasingly clear that how people under-
stand it is not clear at all. There are currently huge efforts in this
area, with the Winton Centre in Cambridge currently leading the
way, but each circumstance is different and how we as mathemati-
cians communicate is just as important as what we communicate.

Visualisation

Uncertainty and risk are generally poorly understood. There are
many potential graphical representations, but do we really under-
stand them? Take the standard interquartile range. For a point
estimate, if we know whether we are talking about frequentist
or Bayesian uncertainty (a tale for another article), we can be
fairly sure we know what we mean. However, consider a func-
tion, such as the predicted number of hospitalisations through
time. Figure 2 shows medians and interquartile ranges over time.

Figure 2: Median values (coloured lines) of hospitalisations and
associated interquartile ranges (shaded) for various R numbers.
Dots are data points. Following [6].

However, the medians do not necessarily track the path of the ac-
tual numbers over time. So, is plotting these lines misleading?

Furthermore, if the numbers turn out to be lower, does that
mean that in the next time period the upper values will still be
equally likely? Clearly not. In fact the actual path of the data
through the coloured area could do many things, but one thing
that the numbers will not do is jump from the bottom to the top
for instance. So, even in this relatively simple example, the inter-
pretation is not obvious.

Communicating uncertainty, like combining models, is not
something that can or should be rushed. Ideally, it needs to be
thought about before we even start modelling, as what we present
as our results and how we do so could and should guide our re-
search from the outset. For the R(t) number, we came up with
Figure 3.

Now, this graphic took time to develop. It captures what has
been happening so that we can track any changes in the range
over time. It also shows the individual model estimates against
the combination, so that you can see how the individual models
vary too. The colours are assigned to individual epidemiological
groups, so that if a group submits two estimates from different
models, we can immediately see which ones those are. As a first
step to accommodate colour blind readers, the palette also tries to
distance red and green, but this is the first obvious limitation. The
next is that the individual models and the combinations appear
slightly differently. This is deliberate, as it helps to distinguish
them, but research into whether this helps or causes confusion
would have taken time that we did not have.

To be honest, I quite like it. The graph makes sense to me, but
I have looked at this graph and thousands like it day after day for
nearly two years. I can no longer look back on such graphs with
fresh eyes, so I am definitely biased.

Moving forward

There is no doubt that Covid-19 hit each and every one of us to
some extent. There is very little positive that can be taken from
it, but there is some. Clearly, thousands of people went above
and beyond to help, including huge numbers in the mathematics
community. The models my team and I combined were gener-
ated by teams of world-class epidemiologists working round the
clock under immense pressure. Without these efforts, we would
quite literally have had nothing to combine. But even outside
of this effort, there were many others working hard too. The
Virtual Forum for Knowledge Exchange in Mathematical Sci-
ences (www.vkemsuk.org) was started during the pandemic, for
instance, and hopefully, the benefits of that will be felt for years
to come.

For me though, the pandemic also helped to identify the ar-
eas of mathematics that I think are crucial areas of research going
forward, namely uncertainty quantification and communication.
First, what level of model fidelity should be used to model the real
world. Is higher fidelity better, or is it just harder to parameterise
and therefore, more uncertain? Does combining a set of model
outputs always give a better picture of the real world? If so, what
does the ‘best set’ of models look like and what is the best combi-
nation methodology? And, finally, how do we communicate the
huge underlying complexities of these seemingly simple concepts
so that everyone can understand them?
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Figure 3: Individual model estimates (colours) with the cur-
rent combined estimate (black) and the last three combinations
(grey). Coloured ranges denote the 90% confidence interval, and
the points are the median estimate. The 90% combined confi-
dence (shaded) and a conservative rounding of these values to
0.1 decimal places (bars) is shown for the combinations.
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