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Abstract

This paper describes a computationally efficienthrod for reconstructing radar signals where
samples are missing at the receiver due to sppesdral sampling. This problem may arise in
practice from the need to avoid bands containirigriering signals or to reduce the time
required to transmit a stepped-frequency wavefktithout mitigation the missing frequency
samples lead to high range sidelobes followinggoatsmpression, making it difficult to detect
small targets close to large targets. Examplegpereided showing that range sidelobes are
significantly reduced when the waveforms are cosged following reconstruction using an
autoregressive model.

1. Context

The military utility of imaging radars is well knowfor target detection and identification
using Synthetic Aperture Radar (SAR) techniquespakticular example of this is Low
Frequency (LF) SAR, which exploits the penetratpreperties of transmissions at longer
wavelengths to form images of targets otherwiseealed by foliage or under camouflage.

A major problem with LF SAR systems is that thegigte in the crowded VHF/UHF radio
frequency bands, suffering interference from thegé number of television, radio and
communications transmitters, and unable to tranemibther frequencies because of the need
to avoid mutual interference. The result is thatelcho signals received by the radar are full of
spectral gaps. These gaps distort the image foomatiocess and introduce artefacts into the
resulting imagery. See for example Lamont-Smitale2006).

Many radar systems require high range resolutioorder to discriminate between targets
and background clutter (e.g. ground penetratingmaadr to support target identification (e.g.
air-to-air radar). The use of stepped-frequencyef@wns is common in such systems, since
these provide a wide effective bandwidth, while uigqg only a narrow instantaneous
bandwidth, which makes receiver design easier adiaes costs. In a stepped-frequency
radar multiple narrow-band pulses are transmittith the centre frequency of each pulse
increasing by a fixed step relative to the pulssdmitted previously. By transmitting at a
sparse set of frequencies radar resolution is siaied, but the operating time required can be
significantly reduced, increasing the responsiver@sthe radar to a dynamic environment.
Unless corrections are applied the resulting spedaps will corrupt the resulting range
profiles.

2. Problem

The process of radar scattering from a compleetasgillustrated in Figure 1, where returns
from two distinct scattering centres are depictéigth Range Resolution (HRR) profiles are
obtained by pulse compression in the “frequencgdtion” which is achieved by applying a
matched filter corresponding to an inverse discetgrier transform.
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Figure 1: lllustration of a basic range profilincesario
Figure 2 shows HRR profiles corresponding to a fated target comprising five point

scatterers with random phases and a 30dB amplitutge. A 30dB Chebyshev window has
been applied to suppress range sidelobes. A stefppgdency waveform with 128 steps is
used to create the original HRR profile, in whidhfi@e scatterers are visible. When half of
the frequency steps are omitted, following the binenask pattern shown in Figure 3,
sidelobes from the two strongest scatterers risgdand 20dB and obscure the three weaker
scatterers.
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Figure 2: Simulated HRR profile from a target withefipoint scattering centres
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Figure 3: Sampling within the set of 128 frequentgps with missing samples shown in white.

3. Solution

There are several possible solutions to this problBulse compression repair algorithms,
which aim to recover a low range sidelobe solutiging a minimum mean square error
criterion, are described in Lane (2006). A comgkessensing approach has been developed
in Kelly et al. (2011), in which a SAR image is oestructed from the phase history data
through the iterative solution of a regularised steasquares minimisation problem.
Regularisation of the solution is achieved throagdiition of a term which controls the level
of sparsity in the reconstructed image.

Both these approaches are known to have a high wmtignal load, involving iterative
calculations, requiringd(N2logN) operations per iteration, whem® is the number of
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frequency steps in the HRR profiling problem or thanber of pulses (assumed equal to the
number of samples per pulse) in the SAR image goaction problem.

A much more computationally efficient approachadit an Autoregressive (AR) model to
the measurements and use the model to estimatrifiseng data through a process of linear
“bandwidth interpolation”. This method is closeblated to so-called super-resolution spectral
estimation, which can be thought of as “bandwidttnagpolation”, as indicated in Figure 4.

frequency

(a) bandwidth extrapolation

(b) bandwidth interpolation
sampled frequencies un-sampled frequencies

Figure 4: Sampling schemes employed in (a) bandivédtrapolation and (b) bandwidth interpolation

An AR random process is one whose time seriesfisatisgy(k) = X!, ajy(k — i) +
v(k), wherep is the model ordew,, a4, ..., a, are constants called the AR coefficients, and
{v(k)} is a white noise process. The first AR coefficiept= 1.

The use of an AR model for linear prediction is Melown, e.g. Etter (1996). Given an AR

sequence of length in the form of a column vectyr= [y(1) »(2) .. y®m)]", theney,
the vector of forward prediction errors is relateg via

where the matriA; € C™*™ is Toeplitz with the first row taking the forfa”0}_,_,]. Herea
is the column vector containing tipet+ 1 AR coefficients, and)? is thek dimensional null
vector. A similar expression can be obtainedefgrthe vector of backward prediction errors,

ey = Apy, (3.2)
where the matri, = AY, whene, is ordered appropriately.

AR extrapolation

Wheny contains missing samples, these samples can imeag=d using (3.1) and (3.2) to
minimise the sum of the squared prediction errassng either forwards, backwards or a
combined prediction error. To see how an AR extia@pmn estimate is obtained let the AR

1
sequence represented pybe partitioned into two sub-sequences, represelnyeyp= [yz],
y

wherey! € C"1*! containsn, unobserved samples at the end of the sequence ydr& C"2**
containsn, observed samples at the beginning of the sequence. Thetalfj¢he exercise is to
estimate the unobserved samples from those that een observed, assuming that the AR
coefficients, and hence the matridgsandA,, are known. We can write a partitioned version

of (3.1) as
1 1 2
| _|Ar Ar|py? 3.3
21— 3 4 2| ( . )
where bothe, andA; have been partitioned such thgte C"+**, ef € C"2*, A} € C"1*™,
A} € C"1*™2, A} € C"2"™1, AL € C2XM2,

We write the sum of the squared forward predicgamrs corresponding to the unobserved
samples as||e}||; = etel = (Aly! + A%y?)"(Aly! + AZy?), and setting the partial

derivative with respect tp!” to zero and solving foy* in terms ofy? yields,

Mathematics in Defence 2013



4

N H -1 H
7' =—(a"a}) A} ARy (3.4)

We will refer to this estimator as the forward gotidn estimator. The preferred method for
solving (3.4) (and subsequent equations with timeesstructure) is via Cholesky factorisation
with computational requiremeldt(n,p?) due to the banded nature of the matrices involved,
and repeated back-substitution. A straightforwartemsion of (3.4) yields a forwards-
backwards least-squares estimator.

From an inspection of (3.3) it is clear that aridlative and apparently new approach to the
estimation of the unobserved samples is to makeite prediction errors corresponding to
both the observed and unobserved samples. Accordintpe underlying AR model the
prediction errors are white and Gaussian, so bymising the sum of the squares of all the
errors we are maximising the likelihood of the eng8equence of samples. Such an approach
might be expected to yield lower estimation erttbemn one based on the use of the prediction
errors of the unobserved samples alone. The paiferalculation that led to (3.4) is followed
in solving fory?, yielding the following expression

1H 2 3H 4 143"
1 V1 sl gl o\ TU[Ar AFFAT AP FARA L)
d d +AZA*
T
We will refer to this estimator as the total fordsiand backwards prediction estimator.

AR interpolation

In the previous section it was assumed that botbserved and observed samples formed a
contiguous sequence. Now consider the case wherairitbbserved samples (or gaps) are
randomly distributed throughout the sequence okenlexl samples, as illustrated in Figure
4(b). Let the complete sequence be representettebgdlumn vectoy. An m-dimensional
permutation matrix,P, is a matrix obtained by permuting the rows of deniity matrix
according to some permutation of the numbers IntoEvery row and column therefore
contains precisely a single 1 with Os everywhese,ehnd every permutation corresponds to a
unique permutation matrix. A permutation matrixoadatisfies

P P = pHpP=I. (3.6)
There exists a permutation matri, such that the column vectgr= Py takes the form

51
37:[2,2], wherey* € C**! contains ther, unobserved samples, afitle C"2*! contains the
y

n, observed samples. It will prove helpful to presettve order of the samplesiih andy?.
Making use of the property represented in (3.6)caue rewrite (3.1) in terms of a permuted
prediction error vectorg,, permuted matrix of autocorrelation coefficienﬁ;,, and a
permuted sample vectdr,
A

~1 1 1 2 ~
<& ol _ (o |AF Af|on Y\ = ' 3.7
&= =P| 2| =\P|.5 4P J{P|2]) = ~al||s2| (3.7)

Because (3.7) has exactly the same structure 3 éd there is a permuted equivalent for
expressions involving,,, all the estimators derived above are effectivenwavaluated using
the permuted quantities.

Once an estimate fof* is obtained, the original permutation is invertedrecover an
yl]
'l
The remaining problem is how to obtain good estamapf the AR coefficients from

sparsely sampled data. To do this we have devel@pedterative scheme, based on the
following two steps. In the first step, given atimate of the AR coefficientdi;, an estimate

Af
~3
Ar

estimate of the original sample sequengeP”
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of the complete data sequengg,can be obtained using the methods describectiprgvious

section.
In the second step is used to computg;,;, using the Burg algorithm (Marple 1987). The

process is repeated until convergence &, —a > <t , wheret is a user-defined
i1 ill, = ’

threshold value. In order to start the procégs,an initial estimate of the AR coefficients is
required. The Levinson-Durbin recursion (Marple Ip&an be used to estimate the AR
coefficients from the firsp + 1 samples of the autocorrelation sequence. Thesplsaran
be estimated from the data providing that the samgpdattern is ‘fully augmentable’, in the
terminology of Abramovich et al. (1996). This ist@oparticularly restrictive requirement, and
accommodates very sparse sampling schemes.

This iterative approach has been found to conveapédly and consistently in practice.
Because the Burg algorithm chooses its estimatéiseoAR coefficients to minimise the sum
of squared forward and backward prediction resgluthle iterative process described above
can be thought of as an example of an alternatimgmisation algorithm. The sequencids}
and {a;} can be shown to converge locally, under some mssLmptions (see for example
Byrne 2011).

4. Examples

To illustrate the efficacy of the proposed approtiehdata used to produce the example HRR
profile shown in Figure 2 has been processed usiByorder AR model. After 10 iterations
we get the results shown in Figure 5. The low-sibdelstructure of the original HRR profile
has been largely recovered.
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Figure 5: Simulated HRR profile from a target withefipoint scattering centres showing AR
reconstruction using 50% of the frequency samples.
Figure 6 shows range responses extracted from &#ery generated from measured LF

data. A fence crossing the scene forms a briggetarentred in range at the 2gixel and it

is clear that the AR reconstruction algorithm ustngiodel order of 84 has been successful in

reducing the sidelobes by up to 6dB. This will iy the sensitivity of the system to weak

targets.
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Figure 6: Measured range profiles extracted fronSI4R imagery showing the response to a straight
wire fence before and after waveform reconstruction

5. Summary

A new approach has been described for mitigatiegotiesence of spectral gaps in data used in
imaging radar systems, although a similar ideaiagpio spectrum analysis is described in
Fahlman & Ulrych (1982). The use of an AR modeltfog data is found to be more efficient
computationally than alternative methods and hasnbéemonstrated to be effective in
reducing the impact of artefacts induced by spegtps in real radar data.
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